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Basic axioms of the theory of probability

1/ 0< P(x)<1 if x certainly true: P(x)=1
if x certainly false: P(x) =0

2/ Addition and exclusion
P(xuy) = P(x)+P(y)—P(xmy)
if x and y are exclusif: P(x M y) =0

P(xuy)=P(x)+P(y)

3/ Multiplication and independence
P(xmy)=P(x)xP(y|x)=P(y)><P(x|y)
if x and y are independent: P(x|y)= P(x)
P(ylx)=P(y)
P(xmy) = P(x)xP(y)
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Density Probability Function (PDF)

Discrete variable
| Discrete variable e

o k possible values x,,x,,....x, forx

o p.,i =1,k the probability of occurence of x;

f(xi)zpi Zpl.=1

M-

P(xin<xj)= D;

k=1, .0z 2—
Continuous variable X
f(x)

of(x.)=limAx_)0 P(x,. <x<Xx +Ax)/Ax

1

of(xl.)dx=P(|:xl.,xi+dx:|) _]:f(x)dx=1
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Change of variable — conservation of probability

°f(x)
bijection y = y (x)

f'(y)?

e Conservation of probability:

f(x)dxzf'(y)dy

()= 1)

e n variables

f’(yl’yZ""yn): |J|f(x1’x2""xn)
ox,

[/

- .

i

30/11/2006




Distribution Function F_(x) | eoe

F(xi)=Zf(xj) =2.p, i=1n
Jj= j=1
F(x)

F(x)= | 1)
dF(x) = f(x) dx

4+ 3 2 1 o 1 2 3 +

F(x)=[r(Ndy or  aF(x)=f(x)ax

.f(x)dx

dx ‘: :
dF (x)| f(x)dx

PDF (F(x))= f(x)
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Moments — Characteristic function

= E[x*]|= Txk f(x)dx mean p, =|u= J' x f(x)dx

m, :E[(x—u)k} = j (x—p)* f(x)dx  variance m, =|c’ :_T(x—u)2 f(x)dx

standard deviation : o=\/o_2

Fourier transform of the PDF N d U, ( it )
Expendable as a series of the moments t) o _[ e f ( N z
k=0
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Equivalence between f(x), F(x), ¢(t) and soe
:.
Equivalent information are provided by
density probability function f(x)
distribution function F(x) f(x)=d F(x)
caractéristique function ¢(¢)  f(x)= LI “o(t)dt
non-null moment p f(x)= 1 T """i a (it)k dt
“ 2T k!

30/11/2006




Join PDF of several variables — dependence and correlation

000
o000
0000
f(xl,xz,...xn)dxldxz...dxn = f()_c)dg = P([g,)_c+ d)_c]) s:'
normalisation If()_c) dx =1

means p, = E| x, |

variances o’ = E[(x,. — U, )2}

covariances C, = El:(xi - ul,)(xj — K, )]z E[xi -xj]—E[xl,] El:xj]

Sy _ E[(xi —ui)(xj - “1)}

correlation coefficient | p, = — -
SR GG Rl
i —H X; I“lj)

independence between variables x; and x,

factorisation f (x) = f( k;”) f].(xj,...xk#)
= E[xi-xj]zE[xi E[xj]: c,=p=0
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Correlation coefficient
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Marginal and conditional PDF of several variables

e Marginal : projections of f(x,,x,) onx, and x,

hl(xl)sz(xl,xz)afx2 and hz(xz)sz(xl,xz)afx1

if x, and x, are independent: f(x,,x,) = f,(x,) £,(x,) = h(x)=r(x,)

e Conditional : PDF of x, for a given value x, = x; and conversaly

f(x0x f(xs
gl(x1 | x, = x;’) - ;f:?xzox;) and gz(x2 | x, = x10)= ’El)zlx;)Z)

e if x, and x, are independent : f(x,,x,) = f,(x,) f,(x,) et h(x;)=f(x)

= g1(x1 | x, =xg)5f1(x1)5h1(x1)
= gz(xz |x1=xf)5fz(x2)5hz(x2)
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Il — Special Distributions

Bernoulli process: binomial et multinomial 00
000
: s : Q00O
Poisson process: Poisson, exponential
00
L X

Gauss process: gaussian or normal | o
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i o000
Bernoulli process °ss.
rrx
Multinomial PDF °ss
»
* k possible results
k
- Result i occurs with a probability p; Zp,- =1
i=1
e Probability to observe r =r,r,,...r, résults of type 1,2,...k
k
on a total of n=)r, trials
i=1
Binomial PDF
k
f(r P n) - o/ Hp-ri e Probability to observe
T ﬁ” pi=1 l r, = r succeses that have probability p, = p
1 i r, = n—r failurs that have probability p, =1-p
n! . _—
e Mean p, =n p, f(ripn)= r.,(n_r)!p (1-p)

e Variance ¢} = n p, (1— pi)
e Covariancec, =-np, p, * p=-1
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Binomial PDF

0.225

1)

0.175

0.123
0.1
gz
0.05

0.023
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Poisson process

Defining properties of the Poisson PDF

Process occurs or not on a small interval Ax : 0 or 1 success
P, ([x,x+Ax]) = Ax/p
P,([x,x+Ax])=1-Ax/B

- do not depend on x

B mean interval between two succeses
1/B  density of succes per unitinterval

Poisson PDF as the limit of the binomial PDF

n— ©
p—>0

np — u finate

lim . nl!= J2nn n" e

30/11/2006
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Poisson Distribution

e Probability of occurence of r (integer) successes on an interva

. X
given a mean number of succes u (real) p=—

1 ., _
friw)=—we

e Mean

o%‘ocoo

e Variance ¢’ = lim, np(l — p) =np=L f®)- .

01 F
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Poisson Distribution : demonstration of the PDF | g9e,
PO(Ax)=1—P1(Ax)=1—% eoce
:0

P, (x+ &) = By (x) < By (43) = B, ()= 2B ()

P (x+Ax)-F(x) 1

Ax EPO(x)
dP,(x) 1
w IR (=
P(0)=1

Pr(“Ax)=Pr-l(x)xE(Ax)+R(x)xl’o(Ax)=P,_l(x)%ﬂi(x) [1—%]

P, (x+4x)- P, (x)
= (R RL()
dP,(x) 1 “ r
dx __E(Pr(x)_Pr—l(x))>_)Pr(x)=i,(£j o/B
P(x)=e T

1 ., _
P,(x)=f(r|u)=;ue“ avec |\ =—
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Exponential Distribution g
0000
o000
. . o0
Poissonnian process o

B = average interval between two successes

Probability of a first succés on interval [x,x +dx].

P, ([O,x]) x P, ([x,x + dx]) = %(%} e_%3 X de = %e_%dx

f(xIB)=[133_%3

e Mean u =3

e Variance ¢’ = p*

30/11/2006 18



S50GeV

Example of relation between exponential and Poisson PDF
" % 0.110-10* cm’ for E >

- w pe

High I1 |2 |3 |4 I5 |6 |7 |8 I9 I1o A AFe ~ 0.9m : mean

elas

energy—> GpFet NApFe

protons—» Fe 'm
— | 1Im = ~1.1:mean of n
—| n, n, n, r, N 0.9m

0.4 :
0.35 :
0.3 :
0.25 :
0.2 :
015 :
0.1 :

0.05

u]
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Convolutions of Poisson and Binomial PDF

r, and r, : independent from Poisson PDF of means x4, and 4, =

r, +r,: Poisson PDF of mean u, + u,

r : binomial PDF of success probability p and number of trials n.
n : Poisson PDF of mean 4. =

r : Poisson PDF of mean p..

30/11/2006 20



Convolution example

Plastic scintillator strip of thikness 0.1 mm seen by a photosensor
and crossed by a MIP
Mean photon emission : p =200

Distance to photocathode : I =1m
Scintillator absorption length : A=0.5 m
Photocathode efficiency : OF = 0.2

PDF of n, at emission: Poisson of mean p, =200

Fraction of photons reaching the photocathode Py = _[ % e_%-sdx =0.14
0.

PDF of n, at photocathode input: Poisson of mean p, xp =0.14x200 = 28

PDF of n, at photocathode output: Poisson of mean QE x p, xp, =0.14x200x0.2 =5.6
Efficiency = probability to observe at least 1 ¢

e =1-P(0]5.6)=1—¢e">°=0.996
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Gauss Process

» Central place in statistics.

* No natural process is sricto sensu gaussian.

 Many PDF asymptotically tend towards a gaussian or
normal PDF at the limit of large samples.

« Sums and means of large samples asymptotically
follow a gaussian PDF (Central limit theorem).

30/11/2006 22



Normal or gaussian PDF

f(3)

235
o3 [

225 [

P(u—n o< x < u+h o)

a2 [

1 _1()‘7—”)2
f(xlpo?)= e’ o =N(po’)
2n6°
n
Standard normal PDF 1
1.645
y= X—H 1.96(2)
(0)

1 1, 2.576
_ Y _ 3
f(y|0,1)_me = N(0,1) 226

0.683
0.900
0.950
0.955
0.990
0.997
0.999

Normal PDF as a limit the Poisson PDF

lim
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Contents of an histogram: from binomial to Poisson to Normal PDF o0

0000
0o 0o
- n events into dans & classes ":(X)
225 B
- n, observed events class i =1,k 20 F
175 £
- p, probability in class i 15 E
125 F
0
75 F
25 E
A I

n, follows binomial PDF f(n, |n,p,) Vi=1k
U, = np; Giz = np; (1 - pi)

k

- Zni I _
i=1

_ ni>>1 = Vi=1,k

klarge = p. <1 Vi=1k PDF of n, = N(n,. In,-)
:>Gi2 =npi(1—pl.)znpi Vi=1,k

k
_ n =Y n, is not conserved
PDF of n, = Poisson PDF f(n, |p,) P

koo In practice : n, >20 = Vi=1k
n# Y n, is not conserved
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Binormal and Multi-Normal Distributions

Independent variables

Correlated variables

1 1 . 2(1-p?)

X, ,X,)=
/() 1-p° 2n\/c;0;
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lll — Recall of general
notions de statistics
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Sampling

PDF f(x) defines the probability for each valuel of a
population to occur.

Unbiased experiment = random sample of n observations
(x4,%,...x,) differing from the population only by statistical
fluctuations due to its limited size

For the experiment to make sense, if the sample is biased,

either the bias can be corrected for or it is small enough to
be neglected.

30/11/2006 27



Concepts of statistic and estimator oo
T
oo
A statistic : a random variables that depends only on the sample of ©

observations and known parameters

An estimator : a statistic the value of which provides an estimation 6 of a
parametre 6 of unknown true value 6, .

A non-bias estimator : E|8]=0,

A coherent estimator : lim__6=8,

n—>®

Invariance of the solution ; non propagation of the non-biasness:
fi=t(0) =  t=c(6)

fE[8]=0, =  E[t]=E|(8)|=<(£[8])=x(6) =",

= E[%]#1, ingeneral

30/11/2006 28



Estimation of the mean and the variance of a sample 9ss.
(X X X
1 b
e Mean |[i=Xx= ;;xl o

1l
i—1 n

. . n 1 n
Non-biased estimator : E[x] = E[l x.j| =—Y E[x,]=n
n; i=1
Coherent estimator : lim, _,_x=p
2

P » O
intuitivley o = -

e Variance - u known Variance - p unknown

TV .
“uggsH) § =" =5 12"’_"’

Non baised estimator : E[SZ] = o’ Non baised estimator : E[s ] = o’

Intuitively : 1 degree of freedom used to compute x

Coherent estimators : lim___S*,s’ = ¢’

(m4 _64) + 2()'4
n (n—l)n

Intuitively : ¢°, =

Note : (?c,SZ) and (J_c,sz) are pairs of independent variables
30/11/2006 29



Size of the statistical fluctuations

For any PDF |P(x ¢ [p-Ao,u+Ac]) <

Application of Bienaymé-Chebyshev to the estimated mean of x of a sample

2
(o)

n

=N

)

_ B 1 - 2
P(‘x—u‘z7»0)=P(‘x—u‘2}n/;o;)=gn_x2 N P(‘x—u‘Zs;)::?

30/11/2006 30



IV — Sampling
Distributions
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The central role of the Normal Distribution: The Central Limit Theore

x=(x,,x,,...,x, ) a set of independant random variables from any PDF provided

means (p,,H1,,...,H,)
variances (cf,ci,...,cz)

n

X=)x =  py=)m etoyi=>o;
i=1 i=1 i=1

} are defined

If n >0, X= in distributed following N( His cst
i=1

i=1 i=1

x = (x,,x,,...,x, ) a set of independant random variables from the same PDF provided

mean _
_ ! , ¢ are defined
variance ¢

n 2
If n > o0, X= lz x; distributed following N(u,c—j
n = n

X —
If n > 00, ——=

o/

E distributed following N (0,1)
n

30/11/2006 32



0.3

0.25

0.2

0

0.05

Central Limit Theorem: example (1)

3 samples of each size

Maan 2.981

B RMS 1.427 % 2 ; : 3 ;
* 595 i
(x)=K ) - 2 -
L 4 I'(x) 1 5 25 "
=298 . | 1
o’ =1.43" =2.04 i |
O 5 10 0
N 5 -
50 -
4 - C
i -
, [ 1000 |
U
IR M.
0 5 10 0 5 10
¥ 1 P 3 4 3 IBI 7 2 9 10 g 100 ;7 52; }
Extraction (par simulation) of 2o F
10000 samples de 25 events 50 -
10000 samples de 100 events 25 L
10000 samples de 2500 events ] .
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Central Limit Theorem: example (2)

2

Distributions of the means of the 10000 samples of each of the 3 sample size

n=100
o=2.04

V100

n=2500
o=2.04

V2500

n=25
o =2.04

J25

=0.14 =0.028

=0.28

hantillens

nbre ec

Entries

10000

Entries

10000

Entrias

u 2
5 = = Mean 2.981
Mean 2975 2600 Mean 2,979 | g 50 o i
LB RS 0.2852 £ RMS 01412 | B : =
2 &
5 5
o
2 o
2500 |- S
400 400
300 s00 L
200 200
1o 100
0 PRI PR P A P AP IRTRTRr WA o . g B b b b b b b b PR L
25 26 27 2.8 29 al 3z 33 354 35 29 297 294 295 D298 3 302 304 306 308 31



Central Limit Theorem: example (3)

f(x): uniform on [0,%] and [¥4,1]

= 5UU Mean 0.4598
400 - C FM3 02705
o 2 n=1 600 - n=2
00 - 400 |
100 E 200 | ﬁ

D EI 1 1 | U1 1 | | 1 1 | 11 1l | I 1 1 D ! L1 | 1 1 | | L1 | | 1 1

0 0.2 .4 0.6 A} 1 0 0.2 0.4 0.5 o8 —1

X=X X
- SOD ‘_ KMaan 05018
&C0 :— n= 600 :_
R 400 |
200 | 000 b
D _I | D :I III|III|III 1
(] 0.2 0.4 0.8 08— 1 0 0.2 .4 0.6 0.5 f1
X
SOD [ n ' - ean =

C ;ﬁus Eﬁé’ 1500 gus 0.5411:?315
so0 £ P10 L n=350

- 1000
400 [ :

500 - 500 |
D :I 1 1 | 1 1 | | 1 1 | 1 1 | 1 1 D :I L 1 | L1 | 1 1 | | L 1 | | 1 1
] 0.2 0.4 0.6 o8 _ 1 0 0.2 0.4 0.5 o8 _1
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Central Limit theorem and the Standard Error

The measurements of a distance of 3 km obtained by reporting 10 000 times

a 30 cm ruler are distributed approximately mormaly with a standard deviation

of ~\10 000 x1mm =1 m

The Standard Error on a measurement is the standard deviation of the approximate
normal distribution along which an hypothetical large number of measurements would

distribute around the true value.

The concept of Standard Error applies only if the final measurement is the convolution

of a rather large number of rather independant measurements.
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Errors Propagation

One variable

Knowing the measured values x of xand the standard errors ¢
what is the erroron j = y(x) ?

Unknown true values : x, and y, = y( x,)

First order Taylor series development around y,

oy =z Oy
+ X, —X + e = X, —— + Cste
y(x)=r Z( ’O)ax s 1=Zl Yox,|
2
= o, = [aa_y ] c: and as x, is unknown, approximation by x =
i=1| OX; _x,

Several variables

n variables directly accessible to measurement x = (xl,xz,...,xn)

m variables y =(y,,7,,...,y, ) measured through relations y = y(x)

o k,=1,m where ¢, = G}

30/11/2006
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2 ° ° °
v* Distribution %S,
0000
n independent variables x = (x,,...,x, ) distributed following N(ui,cf ): ol
: o
2 . (xi - l’lt) 2 . . . .
X" = Z : follows ay, distribution with n degrees of freedom
i=1 G,‘

X’ measures the sum of the square distance between point x
and its expectation value p

in a n-dimension space, using ¢ as unit length.

2 1 2\ _x2
f(x l")=2"/2r(n/2)(X) e/

PDF: ju=n
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Xz Distribution: shape of PDF and normal asymptotic convergence

(%)

0.0 ¢
0.43
0.4
025
0.3
0.23
0.2
0.15
0.1
.05
1]

n=1
n=2

= IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII IIII|III

18 20

2.1
0.09
0.08
0.07
0.06
0.058
0.04
0.03
0.0z
(.0

lim,,, f(x2)=N(n,2n)

3

= IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII
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Statistics following a y? distribution

000
o000
X XX
| XX
o0
o
x =(x,,...,x, ) independent and follow (u,cz)
( j follows a ( j follows a x> _
i=1 i=1 G
S2=l ( )2 s’ = 1 n(x.—x)z
n; n—13 l
S2 s? 2
— n?fo"ows a xi = (n—l)?fO"OWS ax,
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Student ¢ Distribution : small samples -
X
e Given - x distributed following a N (0,1) 000
o
- u distributed following a X’
-x and u independent

[ = X follows a Student 7 distribution with n degrees of freedom

© Jun

("
f(tnln): n n+l
N, " 2\ 2
nnF(2)(1+tn)2
PDF : u:O
o’ = " sin>?2
n_
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f Distribution: shape of PDF and normal asymptotic convergence

(1)

05 ¢
0.45 [~
- ——— D=2
- n=5
>4 - =20
0.35 f— ------- N(0.,1.)
0.3 |
P | limit for i — o
°z | lim, , (t,)=N(0,1)
0.15 —
01 |
0.05 |
n "_-_I---.-I-. o b b by by Py -;.----I-'_'
-3 -2 -1 a 1 2 3
t

n
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Statistics following a t distribution cee
000
x =(x,,...,x,) independent and follow N(u,cz) 00
| X J
_ 1 X — ®
X=—) X, and dlstrlbuted following N (0,1
sz=1zn:(x,.—u)2 and ns—zdistributed following x}
n“s c
X—
G/\/; X— K
= follows 7, follows N (0,1
niz S/x/i G/I ( )
62
n
n 2
¢ =1 : (x, —3_c)2 and (n—l)s—zdistributed following x>,
n-14 c

X= l’lfollows Z,

S/\/_ -1 G/\/_

follows N (0,1)

lim X—p X—p X—L

o T SIn o/ & im,, f(t,)=N(0,1)
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0.25

015 £

0.35

0.13

0.1

0.05

0 vl b b T
ao0 &00 700 a00 |00 10C0c 1100 12000 1300 1400 15400

Cauchy or ¢, Student and Breit-Wigner distributions
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000
0000
0000
Cauchy or Student ¢, Distribution : : °
()=~ :
t)=———~
S n(l + tlz)
j t; (t,)dt =
o’ undefined
= ¢ central limit theorem not applicable
full width at half maximum FWHM = 2
Breit-Wigner Distribution
M= 2o intrinsic particle mass width.
T
Strong interaction : T 10%s =T ~ 100 MeV
Change of variable m = m, +¢,-T/2
£(m)="2 L r=FwHM
T (m —mo) +(I'/2)
Mass distribution of a spin 0 particle
44



Fisher-Snedecor F Distribution

- u,,u, distributed following x? ,x’

- u, and u, independent

o ul /nl
nl,n2
u2 /nZ

f(Fnln2 | n, .nz) =
r| Zoipf 22 |\
2 2 [1+1an
nz 172
n, .
PDF: |n= sin,>2
n,—2
2n,’(n, +n, —2
6’ = 2 (1 -2) sin, >4

n, (n2 — 2)2 (n2 — 4)

- n,+n, " "o
2 n \? F.
) 1 X 1"

lim,,z_m f(annlnz ) = f(x'2'1 )
lim, ,. .. f(F,,)=N(01)

30/11/2006
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Statistics following an F distribution -4
i
:.
x =(x,,...,x,) independent and follow N(ux,ci)
y=(».--,», ) independent and follow N(uy,cj)
2 2
S’; /0’2‘ follows a F
S, /o,
s? /o’

X
SZ/GZ followsa F, _,, .
y y
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Central role of the Normal Distribution

Student 7,

p="0

ol ="
n—2

Binomiale(n,p)| "~* |Poisson(u)
p—>0

W=np np—u (M

2 2
c = np(l— p) c =
Chi-squarey’ \ s — o0

_ n— oo n— oo
nH=n » INormal
o’ =2n N, N, — o In—mo

n, > oot
Fisher F ' Central Limit Theorem
1 — x independent following f; (ui,cf)

_ n, n n n

u_nz—z Xzzlxi =>ux=;MiG§(=;Gf

2

2n,’ (n1 +n, — 2)

30/11/!&16(”2 - 2)2 (nZ - 4)

— x independent foIIowingf(u,cz)




V — Hypothesis Tests
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Principle 0se

Decide if the hypothesis H,, the null or tested hypothesis, that an observation
(value of a parameter, distribution of a variable) is compatible with a reference
(expectation from a model, existing observation) is true while accepting to
reject the hypothesis though it is true (commit a type | error) with an a priori
probability o, the significance or level of significance of the test.

The test only makes sense if there exists an alternative hypothesis H, with a
non null probability to occur. The most trivial form of H, is that H, is false

If H, is fully specified, the probability  to accept H, though H, is true (commit a
type Il error) can be computed. The best test maximises the power 1-p of the
test.

If H, is not fully specified, f cannot be computed but it is often possible to define
the test that maximises 1-f3.
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Definitions — Best critical zone

Parametric test: test the value of a parameter
Non-parametric test: test the shape of a distribution
Simple hypothesis: fully specified

Composite hypothesis: partly specified or unspecified

Best critical region R, : domain of rejection of values of the
parameter that maximise the power of the test.
If PDF f, defines H,:

o= ,‘!. fo (x)dx

1-B= _[fl(x)dx is maximal

Acceptance region A, =W-R , : complement of the critical region
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Best critical region R, : Neyman-Pearson Lemma :::.
One measurement : :::o
a= [ f,(x)dx 3
_ _ fix) [ H(x)

1-B= I_!;fl(x)dx— ;!; f(,(x)fo(x)dx_<—f0(x)>H0 -

fi(x)=0
R, c /i (x) S ka

fi(x)

n measurements : critical region difficult to get

o= jﬁfo (x,)dx =  n-dimensional integral
R, i=1

fi(x)=0
R C<Hf1( )
)

\Hfo(x

kOt

n

2%,

n large : use x = = instead of x and the Central Limit Theorem
30/11/200 n - 51




Test of the mean of a normal distribution

H,: sample N(u =u,,0° =0, known)

H;:p=p, : composite hypothesis
If H, true:
—Hy

60/\/7

R,: domain of large values of |¢|>r,,

follows a N (0,1)

) )
>a/2= [ N(z]0,1)dz= [ N(z|0,1)dz

—00 r, /2

H,: sample N(u =u,,0" unknown)

H1: p#p, : composite hypothesis

—Hy

s/f

n

=3 (v - %)

i=1

t= follows a Student:z

R,: domain of large values of |¢|>r,,

—>a/2—_f/2f ,,l)dt—jf s )

30/11/2006
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Test of the means of two normal distributions of known variances -
e000
1< -4
X =—)_ x,: sample of size n from N(ux,ci) o
n;_
_ 1 ]
y =—>_y, sample of size m from N(My,Gi)
m ;_;
Hy: p, =p, - o, and o, known

H:p, #p, — composite hypothesis

If H,:(x - y) follows N(ux -y, = 0,62 /n+ Gi/m)
7= X—y follows N (0,1)
\/ci/n+ci/m

R,: domain of large values of [z|>r,,

12 o0
>a/2= [ N(z|0,1)dz= [ N(z]0,1)dz

—Qo0 ra/z
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”
(TXXXY

Test of the means of two normal distributions of unknown equal variance

= lZn:xi: sample of size n from N(ux,ci)
n i

I

L3y, sample of size m from N (n,,o?)

y
i=1

~=|
I

. — 2 - 2 =2
Hy: p,.=p, - G, =6, =6, unknown

sensible if similar experimental procedures

H;: p, #p, — composite hypothesis

X—) follows N(0,1)
\/Gf,/n+cf,/m

(n —1) s /0(2) et (m —1) s; /0(2) follows 2 ety _,

IfH,: z=

_)(n_l)si/cg + (m—l)S;/G(z) follows Xfl+m—2

X—y
Joi /n+ oy /m _ -7
\/(n—l)si/o'f, + (m-1)s’ /o; \/((”—I)Si +(m—1)si)(n+m)

n+m-2 nm(n+m—2)
30/11/2006 54
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Test of the means of two normal distributions of unknown variance

. — 2 2
Hy: p,=p, - G, » 0, unknown

H;:p, #p, — composite hypothesis

X—=)y
2 2
\/Gx /n+cy /m follows ¢

J(n—l)si/ci + (m-1)s*/c?

n+m-—2

{ =

t depends on unknown o’ et ¢’ and is not a statistic : the PDF of 7 is unknown

Approximation s:~oc. et s ~o,
7= ) follows N (0,1)
2 2
\/Sx /l’l + Sy /m

The larger n,m the better the approximation
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Non-parametric tests -
0000
b

Theoretical model for the PDF of x : f; (x) o

Set of n observations x = (x,,x,,...,x, )
H,: x is a sample extracted from population of PDF f, (x)
H,: H, false

Variant : the model also predicts the size of the sample

Set of n observations x =(x,,x,,...,x, )

Set of m observations y =(y,,5,,...,»,)

H,: sample x and y extracted from the same population
H,: H, false
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_ ° ’ 2 . o 0 ° ° 000
Non-parametric Pearson’s * test — partition in exclusive classes | 9994
(I XX
00
N ®0®
Partition of x into V < n classes of contents »n,,i =1, N with normalisation n = Z n?
i=1
If x numerical : class i defined by X, <x < X, ,
Remember :
n; follows a binomial of probability p,
lim, , ., binomial — Poisson
lim, ,, . Poisson — normal
n; follows N(npi,npi)
X
IfH, true: p, = p,, = [ £,(x)dx Vi=1,N If H, true: n, = n,
. - e _ (”i _”01')2 2
¥ (n, - np,,) Test statistic X* = )_ follows 3,
Test statistic X* = ) ~——— follows ], -t NP
i=1 np; N N
v Contents of the last class ) n, # ) n,
Contents of the last class n, =n-) n, i i
i Number of degrees of freedom v= N
Number of degrees of freedom v= N -1
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Pearson’s y? test — critical zone

Critical zone R : X’ > X

If H, true: E[Xj] =v = small values of X’ are improbable

small values of X* are even less probable if H, true
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Contradictory requirements unless the sample is very large:
binomial — Poisson = small p,= many classes
Poisson — normal = large n, = many entries per class

Pearson’s y? test — choice of the classes

Loss of information:

many entries per class = large classes

Two methods:

nk events

classes of equal size: simpler

classes of large (=25) equal content : minimises the loss of information

700

600 | 5 classes of equal sizes:
500 — n, ~25= n, =650

400 f—

300 —

200 —

100 —

0 s | | | | PR s e S E

30/11/2006

(7]
=]
=]

o
]
=]

nb events /i

™
]
(]

00

200

100

40 classes of equal contents 25
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Non-parametric Kolmogorov-Smirnov test g
e0o00
Orderingof x : x, < x,, Vi=1,n-1 °ss
- o
0 si x<yx
Observed distribution function |, (x): L si x,<x<x,| 0<5S (x)<1
n
1 si x>x,
If H, true: distribution function is F, (x) h
Test Statistic D, = Max(‘FO (x)-S, (x)‘) B
Critical zone : D, >d, = ‘e for n>10 o
’ \/; 0.4 :—
a -~ - 0.2 N
0.90 - k-1 —ZkZzé _ o b —
2:32* ZZ( 1) € - ¢ @009 "
oe0 | k=1 &%ﬂ_ua ;‘Fo(x)—Sn (x)‘
0.50 4 B0.07 E— i
0.40 - 005 E D,=Max|F, (x)- S, (x)|=0.092
0.30 - o E Fre
0.20 - 004 E Zogs L3S - :
0.10 4 0:03 E— \/ﬁ 10 _.0135
MEEL v el b
yA N SR R IR N I I S

30/11/2006 o 4 B ] 10 12 14 15y



Kolmogorov-Smirnov test between two samples ceeo
Two measurements samples x =(x,,x,,...,x,) and y=(y,,,,...,¥,.) EE:.
H,: x and y are samples of the same population - have the same PDF °
H,: H, is false

Test statistics D, , = Max( S, (x)-S5,

("))
Critical zone D, >d_,, =d_ , . [1+ 2= d,, /1 + — ‘/1 l forn>10
m n

Slsn (x),Szm (y) S150 (x)_SZSO (y)‘ .
& o1 F | -
03 C 1004 F
L N
ne — |.035 E
B 003 E
e 0.025 F
r 0.02 £ )
0.4 - ]
L 0.01% - -
02 - 0.0l F -
- 0.005 F - T
0 e e L L b L b L Y P PR T G S I PR R P
0 2.5 & 7.5 10 12,5 156 1?._5x j}) 5 o & 2 m e g - o5
’ x,y
D, =0.043

1 1 / 1 1
d =2z —+—=1.35,/—+—=0.162 > 0.043
30111/2006 0.05,150,250 0.0sA T 150 © 120 N



Comparison between the two non-parametric tests

|

Pearson

Kolmogorov - Smirnov

Strictly exact pour a sample of infinite size

Strictly exact pour a sample of any size.

Partition in class — loss of information

No loss of information

Test not sensitive to the sign of differences

Test sensitive to the sign differences

Test correct if K parameters of model f, are
estimated by the least square method from
the sample under test.

The PDF of statistic X2 is know:

2 2
Xn — X n-K

Test not correct if K parameters of model F,
are estimated from the sample under test.

The PDF of statistic D,, is not know.

30/11/2006
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Level of significance o and confidence level C.L. | 838,
o000
Pearson Kolmogorov-Smirnov : : °
® . ®
a- [ (x)as wm (1) e
Xé k=1
C.L =y (x*)dx’ C.L.=23 (1) &
X2 k=1
P(X* <X2) = P(C.L. 20) P(Dn < e J = P(C.L. 2a )
n

C.L. provides a straightforward probabilistic information on how well
the hypothesis under test is verified

C.L.=1.— j f(x)dx=1.-F(x)

The PDF of C.L. is uniform on [0,1] if H, is true
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VI- Estimation

0000000000




Principle of the estimation methods

Random set of measurements x =(x,,x,,...,x,) extracted

from a population defined by f(x|6,)

with & unknown true parameters 9, = (90,1 ---Oo’k)

to be estimated from the sample.

e Point estimations: best estimation set 6 of 6, given sample x
e Variance-covariance matrix estimation
Confidence level and confidence interval

30/11/2006 65



Définitions et notations

True unknown value parametre of paramter 0 : 0,
Statistic: 7 = (x, )

Estimator: statistic the value of which is an estimation of parametre 6
Estimation: value taken by the estimator for the observed sample x

V)

0=1r(x)
Likelihood: joint ptobability to observe sample x for a given value of 0

£(§|9)=]ii[f(xi 6)

Likelihood fonction : .B(O | x) as a fonction of 6 given the
observed sample x

30/11/2006 66



Confidence interval in frequentist view: Neyman belts

Given :

- a measurements sample x =(x, ,x,,...,x,) from population (x|, )
- estimator ¢(x) of 0,
- estimation 6 =¢(x) of 6,

-g(¢]0) the PDF to observe 7 given 6

Knowing g (7| 6) for all sensible values of 0,or at least for the

restricted domain of values where the experiment claims sensitivity,
is mandatory for the experiment to make sens.
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Confidence interval in frequentist view: Neyman centred belts

Neyman belts associated to a given C.L. a

Compute for a finite values of 6 in the sensible domain [9 Omax] contours

min?

oo}

0) and ¢ Osuchthatmguedt: gt|9dt=l_—a:>maxgt|9dt=a
max 2

tm in

t

max
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Confidence interval in frequentist view: correct interpretation

t,.(0) = 6,,(7)
P(Be[ty, (8,) 11, (8,)]) = = P(0,2[0,,(8).0,.(8)]) -
0 is a random variable = 0, is a constant

t,n (0,),t,.(6,) are unknown constants= 6, (é),emax (é) are known random variables
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The experiment determines a particular interval [0
values of 6 belonging to a large set of intervals that would be
obtained by an ensemble of similar experiments such that a
fraction a of these intervals contain (covers) the true value 8,,.

of

MIn’ max. ]

[8,...9,... |= confidence interval at C.L.= o

Statement0_<|0 . ,
| min max |

0

Statement0_<|0 . ,
0 L min max |

30/11/2006

is randomly true a.% of the times.

is randomly true (1-a.)% of the times.
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Confidence interval in frequentist view: Neyman upper/lower belts gee e
T
o0
The Neyman centred belts are constructed with the particular prescription:.

t . 0 t

min 1 _ max

[ g(r10)dr= | g(t|9)dt=Ta:> g(t10)dr =

—o0 t Li

There is an infinite number of prescriptions to construct belts with
correct coverage corresponding to C.L. « that lead to different

confidence intervals but are all equally correct from the statistical
point of view.

The Neyman upper and lower belts are constructed with the particular
prescription:

+00 tmin

[ s(r10)dt=a [ (t10)dt =0

tax —00
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Probabilistic or Bayes confidence intervals

.g.CQ.

0000

o000
o0

The probability to observe a value for an observable x depends on the value
parameter 6 of true unknown values 6, with known PDF P(x|6).
Bayes' theorem states  P(A|B)P(B)=P(B|A)P(A)
Application to the particular observed value x :

P(x]0)P(0)

P(%)

0,
Bayesian credible interval [6,,0, | at C.L.= o = IP(O | £)d0=0a
6,

P(O | fc) = the posteriory PDF that observation x result from a value of 6

P(x]0) the know likelihood to observe x given 0
P(x) a normalisation factor = I P(8]x)do=1
P(9) the priory PDF or prior that 0 is the true value.

What to use for P(6)? Degree of believe in 6 based on ignorance, on knowledge

from previous experiments, on subjectivity. The main difficulty with the Bayrsian
approch is to define an objective informative prior.
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Consistent and unbiased estimators

S lim,_6=9, xop 5,8 >0

n—>

Unbiasedness

= 0 and 7 are not simultaneously unbiased
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Minimal variance - Efficient estimator cee
o0
Given the PDF - the narrowest, the best - and the size of the sample - the larg esf, the

best - the minimal variance on the estimation is given by the Cramer-Rao inequality:

V(0)=0i = E[(-0)' |2 o

A(x,e>=E[(a";§’*’) o) |

dlog L
g‘g - A(G)x(t—@)

T indépendent of x

Tl L O (1-0)+4(0)
E[_azé‘éf'e}:—a—AE[ — 0]+ 4(0)=A4(6) V(t)=cg =ﬁ
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Sufficiency cee
oo
The whole information about 0 is contained in the estimator.
Condition : £(x| 9)=H f(x;18)= g()_c)-h(t(g) | 9)
i=1
no information on 6 T T depends on x through estimator ¢

olog L 6h(t()_€)|9)
B0

= A(G)x(t—e)

Sufficiency condition contained in

Efficiency condition
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VIl - Maximum
Likelihood

0000000000




Principle of the maximum likelihood method

Random set of » measurements x =(x,,x,,...,x,) extracted

from a population defined by f(x|§,)

with & unknown true parameters 0, = (90,1 ---Oo,k)

to be estimated from the sample.

Likelihood function £(x|8)=] | £(x; |8) calculable for any set of values 6
i=1

Estimation 0 of 8 maximises £(x|8) and thus log £(x|8), given x

8log£(9) :analogf(xi |Q) o |
B g %, 0=0 ey
0> log L(0 n 0% log f(x;|0 ’
50 9 - 2 59(2 | <
i o= : 0= |
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Invariance of the solution

ooeo
o000
0000
000

Conservation of probability £(x|6)= B()_c | r(e)) o

Call 7= (6)

L(v) = £(5(8)) = £(8) = £(6) = £(=(0))
B(r*)zﬁ(r) V 1 =1 =1

If t=1(08) univocal and reciprocal= 1 = r(é)
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Example of analytic solution: mean and variance of a gaussian

1(x-p)
J_c=(x1,x2,...,xn) sample from f(x|u,cz)=#e 2
2nc’
P , 1(x-n)’
)_Cl O )= ez o’
( " ) [\/ch J l,_!
lOgB(H,GZ)=—2[log2n+logc + — Z—(x;u)
610g£ ;xi_nu . B 1&
YR R ””ﬁé"t
= 2
alog'e__ n +i=1(xi_u) _0
o> 20’ 20* -
n (xl_f)Z 1 n
replace 1} by f:_zzz 4 =t = 0 = &=g" zzgl(xi —)_C)Z
s'* biased: E|:s'2:| I _102

30/11/2006
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Example of analytic solution: weighted mean and standard error | gg
o0
0,,...,0, n estimations of § with standard errors o ,...,c, ::
How to combine to measurements into 6 + c,? °
Each 6, is extracted from PDF N(eo,cf)
. 1(6-0)
B(@ | 9) = H e
-1 w/27‘!:61.2
(69
log,e — 'E;G—iz-l‘ Cste
6log£
i=1 ,
sy
2
0=""1 1’ weighted means with weights —
Gl
,Zl: G,
1




Asymptotic Consistency, Efficiency, Sufficiency, Normality of £| 99e6

X XX
Forn— o : ::.
consistency: lim,__ 0= 0, .
efficiency : alggﬁ =A(0)x(¢z-0) and V(t)=o0c; = ﬁ

sufficiency : from efficiency

normality : £(0]x)= ﬁf(e | x;) takes the shape £(0) = N(é,cg) _ L 2
i=1.

log,e(e) = —1(6_9) —K

2
209

6log£(0) _ 0—0 ol = [62 log,e(e)]l
o~ 00>

00 c,

0 logB(O) and 0’ logB(O)
00 00*
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Asymptotic Consistency, Efficiency, Sufficiency, Normality of .£

If k parameters 6 =(6,,...,6, )

3\

alog,e(ﬁ) éi -0,

00, G;i

: _[az log.B(Q)Jl

(@) =
0 6612

L j=1,k

J

Coo, =~

[az logB(Q)Jl

09,06
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Asymptotic normality : numerical estimation of the confidence interval | 999 ¢
g . .
If 5, log L£(6) and &2, log £(8) cannot be calculated analitically ::.
o0
- 7 log ,§* (9) o
= 1(6-0) :
log £ (8)=1log L(0)+x = -5 is a parabol —0.5 ¢
Gy b
Point estimation: b
n % /A X
9<:>log£ (9)=0 -2 |
Standard error = Confidence interval at C.L. = 0.683 _3.3’32 -
}F N _ 1 _ N N i) —
log £ (9)——5369—9 -0 LB
Confidence interval at C.L.= o s et R
0-A6,,, 0-04 0 0+o, 0+ A6,
r, r}
r, > a= [ N(0,1)dx or equivalently [ r(¢})ax;| [G n i
_ra 0
. ) 0683 |1 05
log,B* (Oi)=—%2> AOQ =0"-0| at C.L.=qa 0.900 1.65 1.35
0.950 1.96 1.92
0.990 2.58 3.32
Scaling relation : AQ, =r,c, = r—“AGQ,
30/11/2006 To 0.999 3.29 5.41 83




Small samples : numerical estimation of the confidence interval

%
n small= log £ (0) = parabol

%
Assume 1 = 1(0) univocal and reciprocal such that log £ (7) =——

R logﬁ* (f)=0

log £ ('ci) = —%: c, = "ci -7

G‘E

Standard error results from probability conservation:

1 (%—1)2

2 o
T

logB* (r+)=log£* (r“(r*)z@*):—% , o,=0"-0
logﬁ* (t_)=log£* (1_1(1_)=9+)=—% , ©;,=0-0

P(6,€[07,0" ) =0.683
0=0""

_06

Confidence interval at C.L.= o : getr, —» o= _[ N(0,1)

-r,
2

NN [
2

log £ (6;)

log £(0;) =~ = a0 =0 -0

30/11/2006 ‘

2

cat C.L.=o > P(O0 € [9;,9;]) =a

dx or equivalently jf(xf)dxf
0
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Example of small sample : confidence interval on the variance of a normal PDF :::.
o000
Random sample of n =100 extracted from N (0,1) 000
[ X )
i _ . Numerical resolution =
Analytical resolution log £7 (c?)
c’ =0.96+0.14 L
-0.5 . :
: 3.32F / i
butP(cs0 € [0.96—0.14,0.96+0.14]) # 0.683 A |
0.6 0.8 1 ‘I.2I 1.4 1.6 1.8 G 5
but AB gy =0.46 > c™ X1, 49 = 0.15% 2.58 = 0.39 Confidence interval at C.L.= 0.683 : 0.96"."
ABy =0.28 <0 X1y =0.12x2.58 = 0.31 Confidence interval at C.L.=0.99 : 0.96*%

-028

No scaling relation between the size of the confidence interval and the C.L.
AB A6

=+
G, O

U/ | 11£UU0 85
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Asymptotic normality : extension to two independent variables

Asymptotic likelihood function for large samples and two independent variables 6=(

2 2
2w,/C, 0,

log L' (8,,0,)=1logL(6,,0,)+x= —EZ—zi is a paraboloid

Point estimation: 0 = log £ (Q) =0

Confidence interval at C.L.= o

eog000

coee0e

A \2

210g £ (6,,0 )—ZZ:M follows a y2 PDF @ re retroed
E= R = L5 X2 0393 100 050

2 : i 0632 141 100

, rg N 0683 151 114
| If(Xz)dX2 =q 0.865 2.00 200
0 0.900 2.14 230
confidence interval: area contained in the ellipse defined by %0 245 300

0220 3.03 4.60

paraboloid log £ (6,,6,)

intersection of Py
plane log £ (0,,0,)=—-—=
30/11/2006 2
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Example : confidence interval for mean and variance of a N(0,1) | 999,
o000
. . o000
Analytic method Numeric method ®o0
o
0=Xx=0.005£0.010 5
6* = s> =1.028 £ 0.015 =
1.08
1.04
6’ =1.028
1.02
r, =1 /
3 1’2
log £ (0)=-——2=-0.5 1
a=0.393
ra _ 3.03 —0.04 —-0.03 —0.02 —-0.01 0 0.01 0.0Z2 0.03 u
2 fi =—0.005
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Asymptotic normality : extension to two correlated variables

1 (61 _61)2 (92 _éz )2

Contour log L2 (6,,0,)=-
ontour log (1 2) 2(1—[32) 012 Gi o, c, 2

2po, 0,

2 2

ellipse centred on (61,62) with tan(2y)=
G, -G,

“ Pa) A
6, inscribed in rectangle 0, + ¢,,0, + o,

>
%)

I
D>

for 0, 0.-06

i J J

_ max_" N __ Qmin

v

30/11/2006

=0,y1-p’

88



Asymptotic normality

- extension to two correlated variables

E o008
a contour C.L.=39.3% —
- contour C.L.=90%
C.os8 -
[ contour C.L.=95%
0.056 |- § el . contour C.L.=99%
i (f,é) O
o.054 _— (Z'O’(C,‘O)EZ]
C.052 _—
E [
o.os |- L
0.048 B
0.046 |
RO __ Tua, LT Ty .:
D-Dq_z . | | | | | | | | | | | | | | | |I | | | | | | | | | 1 | | | |
Z2.16 217 2.18 2.149 2.2 2,21 227 2235 2.24
30/11/2uv6 ,i.‘ Z'
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Extension to small samples and N correlated variables

Method stays formally correct: x; — 7

o= [ ()i = o
0

Difficult in practice if n small, vV large et correlations

30/11/2006
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VIl — Least Squares
Method

0000000000




Principle of the least squares method
oy= f(x | Q(,) functional relation between variables y and x

e k unknown parameters 0 = (91,92,...,9k) of true values 6,

ey=(»,.»,) the n> k measured values of (x| 0) at points x =(x,,...,x,)
with standard errors ¢ =(o,,...,5,)

e PDF of y, : N(f(x,18,),0?)

Estimations 0 of 0, minimise

v (v - F(x.10))
X’ (Q)zz(y’ f(;x’ l_)) giveny+o
i=1 G; -

l

N (”i —np,, (Q))2

X (Q) - Z np, (Q)

i=1

N
n, = number of events in class| X, < x< X, | n=>yn,
i=1

Pu(8)= | £(x10)dx
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Equivalence between least squares and maximum likelihood for large samples :::.
Large samples = gaussian approximation of £ :::.
1(3i-7(x:10))’ :.

B(Q)le[ 1 ez o

—2log L (Q) = X? (Q)

The least squares method is asymptotically coherent, efficient and sufficient

Maximum likelihood

intersection of log L (8) with hyperplan parallel to(9) at log £ (8) =-r}/2
Least squares

intersection of X*(0) with hyperplan parallel to(8) at X*(60) = Min(X2 (Q))+ r

2

2= [ () =o
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Analytical resolution of the linear model 48
= F(x)=3a (x) 6 0000
y f(x) ;al (x) l o0
L 2 °
~ (yn _Zanl 0, J
2 — =1 = h —
X (Q) ; o with a , a,(xn)

a, a, G, ot Oy
A=| - ' and V= -
Ay, - Ay Cni G?v
Point estimations
0X*(0 - -
ae(_) =24V 'y 424V 49=0 = |0=(AV4) ATV
Variances
6=1(»)
06) (a6) L L r
V(§)= == =((ATV‘1A) ATV‘I)V((ATV“A) ATV‘I)
») \W,
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Example: superposition de 10 sinusoids of known frequencies

o £(x18%)= sin(w,x) 6"
=1
ey o, ,i=1,N=50

® 9’

| D>

1.0 0.040
2.0 0.182
3.0 0.026
4.0 0.123
5.0 0.041
6.0 0.116
7.0 0.174
8.0 0.032
9.0 0.158
10.0 0.107

0.034
0.175
0.028
0.126
0.028
0.130
0.178
0.037
0.149
0.116

0.010
0.010
0.010
0.009
0.010
0.010
0.009
0.010
0.009
0.010

30/11/2006
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The non-linear model with constraints

System of M = N + L paremeters

e N measurable paremeters n=(NM--->My)
estimations A= (f,A,-- Ay )
covariance matrix Vs

e L non-measurable paremeters 0=(9,,0,,...,0,)

e K > L constraints between the M paremeters [(n,g) =0

Purpose :

- improved estimation of the ;N measurable paremeters

[ $

- estimation of the L non-measurable paremeters Q
- calculation of the covariance matrix between the M = N + L paremeters
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The non-linear model with constraints

Kinematical analysis of 2-body — F-body
M =2+ F bodies
Number of variables : 4x M
(P,:0,,:9,,E,)m=1,M
K = 4 constraints : energy-momentum conservation

2 F
Zpi sin 0, cos ¢, —pr sin®, cos¢, =0
i=1 f=1

2 F
Zp,- sin 0, sin ¢, —pr sinQ, sing, =0
i=1 =

F
cos 0, —pr cos 0, =0
f=1

F

-Y E, =0
f=1

L unmeasurable variables

L > 4 : indefined system
L =4 : solvable system

2
Z D;
i=1

2
S,
i=1

: Example

L < 4 : ajustable system with least squares method
If the particles are identified, there masses are known and the number of variables is

reduced to 3x M or equivalently, there M additionnal constraints E. = p. +m’ ,m =1,M.

30/11/2006
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Lagrange parameters method

K constraints j_‘(n,g) =0

minimisation of X* = (ﬁ—n)T Ve (ﬁ—n)

minimisation of X'’ = (ﬁ - n)T V. (ﬁ - n) +2A" f(n,ﬁ)
K additionnal unknown parametres of Lagrange A

Minimisation of X'*:

aXIZ B i r )

- =2, (R-n)+2/A=0

aX_'Z N + K + L normal equations
= =2f/A=0 N + K + L unknowns
X n,9,4

=2f=0
oA ! J
(£.) Y g« N matrix
] N/ kn ann
with < of
_ Y -
k(fe ), = %, K x L matrix

30/11/2006
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Lagrange parameters method : iterative procedure

[ = f(n(v),Q(V)) at itération v

p-! (H(V+l) —ﬁ) " fn(v)T&(vH) —0

n

fe(v)T&(vH) —~0

N + K + L normal equations
' N + K + L unknowns

‘l‘(v+1)=‘£‘(v) n fn(V) (n(v+1) _ n(v) ) +f9 v) (Q(v+1) . Q(v) )) n(v+1)’9(v+1) ,&(v+1)

Iteration 0

n(0)

=1

9(0) : solution of a subset of L among K constraints

A" =1, arbitrarily

Conditions to stop the iterative process at iteration v+1

( 9(V+1) _ G(V)

! !

9£v+1) _ egv)

or

<g

o("

(v+1)

' i

n,

(v+1) _ niv)

N,

AL

v

N,
f. (n(v+l)’9(v+l)) <g! Vk=1,K

30/11/2006

’

or ) <g,

Vi=1,L

Vn=1,N

(v+1)
(v+1)

I
-n)

= D
Il
1=
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Lagrange parameters method : solution -
1
Point solutions :o
O(v+1) _ ( H_lfe r ) S = (f(v)V~_1f )
() ( ( (v+1) ))> with H = ( T g1 fe )
—(v+1) =ﬁ - f & J f (v) +f (ﬁ _( ))
Covariance matrix
( po ) oo )
v, =| 2 V. % =Vﬁ(1N—(G—FH-1FT)
"o\en) "\ on)
A ) (G=fTs"
n:g(n) (ah\ (ah\T ) ] fnT —lfn
i A:>Vé=—:Vn—7 = H r with {H = f/S" f,
o). (on) ST
Cov.. = —‘%7 V.| =| =V.FH
no an} n ag n

30/11/2006
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Quality of the fit of the data to the model

Estimation methods provide values for model parameters that fit best to the
experimental data. The best fit, however, may be a very poor fit. The quality of
the fit requires an hypothesis test.

The only combination of an estimation method followed by an hypothesis test that is
formally, but asymptotically, correct for large sample is:

1.  The least square method to estimate the L parameters of the model.
2. The Pearson 2 test to estimate the quality of the fit.

The PDF of statistic X2 follows a %? with number of degrees of freedom = v-L.

If the maximum likelihood is used instead, the number of degrees of freedom is
undefined in the range [v, v-L].
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IX — Confidence
intervals for
pathological cases

eSmall signals above small  eee@e®
background. | 998"

eMeasurements with standard errors | ©©
extending over a physical limit.
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Neyman prescription : belts 0ee.
The Neyman centred belts are constructed with a particular prescription;; :::.
t t . o o0
a d 1-a o

_[ g(t10)dt=aq. andj g(z10)dt = _[ g(t|e)dt=T
t —00 t

max

min 9

0

max

4

There is an infinite number of prescriptions to construct belts with correct
coverage corresponding to C.L. « that lead to different confidence intervals
but are all equally correct from the statistical point of view.!

The Neyman upper and lower belts are constructed with the particular prescriptions:

+0 tmin

[ s(r10)dt =0 [ g(r10)dt=a

Lnax —©
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Gaussian error near physical limit:

Exemples :
» sine of an angle compatible with being >1 within error,
* mass of a particle compatible with being <0 within error.

Appropriate change of variable:
Positive variable near physical bound 0 with standard error ¢ =1

Two sensible prescriptions to build confidence intervals with exact
coverage foraC.L. o :

» The centred Neyman belts defining lower and upper limits.
* Upper limit Neyman belt, the lower limit being the physical bound 0.
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Gaussian error near physical limit: 0 I——— Y ¥ ¥
65 - Physical bound
5': - a=09 emax (t
Lower limit 6, (7)=1¢,,(0) defined by .l
[ N(r10,1)dt = o AT
t,,(0) 0 215 1 050 05 1 15 2 25 3 35 4 45 5 55 6
Centred limits 0, (¢)=¢,..(0) et®,, (¢)=¢,. (0) defined by d
fax(0) tin (0) X 1-a
[ N(t10,1)at=aet [ N(z]0,1)dt= | N(t]6,1)dr=—=
tin (©) 0 e (0)

Belts are straight lines of slope %
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Gaussian error near physical limit: Neyman hybrid belts

e If6>3c=3:
0> 0 is sensible =
use centred belts 0,(7),0, (¢)

P(e0 <[e.(6).0, (e)]) —0=0.9

if6=4: P(0,<[23,5.6])=0=0.9

o If 0 < 3c:
0 compatible with 0 is sensible =

use upper belt 6, (¢)

P(e0 < e,(é)) =a

if0=1: P(6,<2.2)=0.9

e If6<0
0=0
P(6,<0,(0)=13)=0.9

30/11/2006

P B b e e I, . L 0 N o L LA R L S R L L B TR —

o Centred belts
S N — Upper belt
| Physical bound

0 =00 0. (t

t
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Gaussian error near physical limit:

what is wrong with Neyman hybrid belts?

o |f é >3 90 € |:9min (é)’em‘“(é)}

lf0<6<3:0,<0,,(8)

Choosing belts a priori is correct from the
statistical point of view but the choice
may be meaningless:

«compute an upper limit when the
measurement is clearly positive

«compute a pair of limits when the
measurement is clearly compatible with 0.

To make the choice a posteriori is statistically incorrect.

The coverage does not correspond a = 0.9

30/11/2006

(X X
o000
0000
00
[ X )
e
- i A Centred beItS
i | e Upper belt
6.5 | Physical bound
6 |
I 0=09 0. (t
4.5 - 1
i
35
5L
2.5
a
1.5 -
:
0.5
0 3 —':.5"..—'1 —d.s d 0;5 1 152 2;5 3 5;5 4 4;5 5 5;5 6
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N

Small event count with background

: unknwon number of signal events - confidence interval to be calculated
: expected number of background events

: estimator of the total number of events (signal + background)
: estimation, particular value taken by »
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Small event count with background : Neyman prescription :::.
0000
| X X
| X )
Centred belts: ®

Compute contours n,,, (r;) etn,, (r;) for a discrete set of values of r; in a sengible range:
(

P(kir)>=%and > P(klr)s 2 .
= = = Y Pk|r)>a
P(klr)> =% and Y P(k|r)<iZ%  Fel)
k=”max(”s) k=nmax(rS)+1

n are discrete = exact coverage for C.L. = o not possible

min? nmax

P(rso € [”s,m-n (ﬁ),rSmax (n)]) >o withrg, (n) =n,, " (”max (”s )), V'S max (”) = n,," (nmin (”s ))

Upper belt:

Compute contour n,, (rs) for a discrete set of values of r; in a sensible range:
e o nup(rS)
> P(k|rg)>1-aand > P(k|rg)<l-o = ) P(k|r)>a

k=n,,(rs) k=n,,(rg)+1 k=0

n,, is discrete = exact coverage for C.L.=a not possible

(n))>oc with rg, (n)' up_ ( up( ))

30/11/2006 109
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Small event count with background :

Centred belts

20 ; _ENILUNE UE NEYIIWIN LENLU EE UL TNVEUU UE LUNTIJTIVE =L, ‘.IJU

o = N W+ U @ N @ W

10 11 12 13 14 15 16 17 18 19 20

Ifr,=3andn=9 = P(r, €[2.4,12.8]) =

30/11/2006

Neyman belts
Upper belt

LIMILE SUperneul e ge Neyiman uu nmyveau oe connance a=uv.uu

| I [ . L0 |
01 2 3 4 5 6 7 8 9 10111213 14 1516 17 18 19 20

Ifr,=3andn=3 = P(r,<3.7)=0.9
If n < r, -large negative fluctuation on r; :

r

« (1) = 0 & the confidence interval is void
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Small event count with background : Neyman hybrid belts cee
o0
[
s o
18 rB —

Choosing belts a priori is correct from the T

statistical point of view but the choice may 15 - _

be meaningless: A

« compute a pair of limits on the signal when iy Ldd]
the measurement is clearly compatible with 0
the expected background.

« compute un upper limit on the signal when
the measurement is clearly larger than the
expected background.

L L | !
0 1 2 3 456 7 8 9 101112 13 14 15 16 17 18 19 20 n

O = N W & Uh @& -1 O W

Why not make the choice a posteriori ?
Statistically incorrect: the coverage is
incorrect.

To make the choice a posteriori is statistically incorrect.
The coverage does not correspond o = 0.9
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The Feldman — Cousins prescription

Unified approach to the classical analysis of small signals.
G. Feldman and R. Cousins
Phys. Rev. D57 (1998) 3873

Purpose : define an a priori unique set of belts with proper coverage.

This paper is a first of a long series that treat the questions of small signals above small
background and measurements with standard errors extending over a physical limit from the
frequentist point of view with prescriptions that insure correct coverage.

Other prescriptions are used

Some improvements to i.e.

» take the systematic errors into account,

» take the error on the background into account,

Th. Junk

NIM A434 (1999) 435

C. Junti
arXiv:hep-ex/9901015

B. Roe and M. Woodroofe
arXiv:physics/9812036v3
G. Punzi
arXiv:hep-ex/9912048
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Gaussian error near physical limit: Feldman—Cousins prescription

Ordering prescriptions

fac (0)
1 By definition : P(te[t,,(0).t,.(0)])= [ f(¢10)dr=a
fin (0)

2 e The likelihood ratio R(t) = is maximum

o2,
F6<0:0 =0 = N(t]0,1)=——e? = R(t)zﬂ _ )

2
e 113
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Gaussian error near physical limit: Feldman—Cousins belts

For a finite values of 6 : solve numerically the system

1

—%(e’—me)

ifr>0

ifr<0

C

Illllll il

LI
i
|
|
\
N

| I

-2

-1

30/11/2006

Feldman — Cousins belt

Neyman hybrid belt

If 6 =2.6,P(6, €[1.0,4.4]) =
If 6 =0.4,P (06, <2.0)=0.9

fax () R(t) _ e‘g("e)z
[ N(t10,1) 1
fmin(0) with _E(t_e)z
R(r)="~
R(2,,,(6)10) = R(t,..(0)16) I
e
= N /
C =0.9 &
E O ///%«\/
: SV

For large values of ¢

: identical belts

lim————0,(t)=0

but the confidence interval is never null
If 6=-2,P(6,<.0)=0.9
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Small event count with background : Feldman—Cousins prescription

Ordering prescriptions

sass

”mwc(”s)

le Bydefinition:P(ne[nmin(rs),nmax(rs)])z z P(k|rs)za

k="min ng )

P(n|rs)
P(n|rs*(n))

ry (n) is the value of r; that maximises P(n|r;) given n and r; >0

2e The likelihood ratio R(n) = is maximum

Applying to prescription to search for a small signals above small background
ry (n) = Max(0,n-r,)

SRR GRS s

* R(m)+1) i
P(n|rs(n),r3)=( ( ) ) e( ()7

R(n) _ P(n | rs,rB)

P(n r. (n) r )
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Small event count with background : Feldman—Cousins belts (1)

For a finite values of r, in the sensible range:

Select the values of  in decreasing values of R(n) until ) P(n|ry)2a

Use the two extreme values of » as limits

Example: Compute limits atr, =1 forr, =3 and a = 0.9

n P(n|rs) r; (n) P(n|r;(n)) R(n) rank

0 0.030 0.0 0.050 0.607 | 6 . ;

1 0.106 0.0 0.149 0.708 | 5

2 | 0.185 0.0 0.224 0.826 | 3 Z B, (" |rs = 1) =0.858 < 0'9<Z B, (" |rs = 1) =0.935

3 0.216 0.0 0.224 0.963 2 k=1, k=1,

4 0.189 1.0 0.195 0.966 | 1 _ _ _ _
=>n . (r.=1|n,=3,0=0.9)=0

5 0.132 2.0 0.175 0.753 | 4 ””"( s |7 ’ )

6 0.077 3.0 0.161 0.480 7 =n r.=1ln.=3.00=0.9)=6

7 0.039 4.0 0.149 0.259 "’“x( § [y =3, )

8 0.017 5.0 0.140 0.121

9 0.007 6.0 0.132 0.050

10 | 0.002 7.0 0.125 0.018

11 | 0.001 8.0 0.119 0.006
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Small event count with background : Feldman—Cousins belts (2)| 9o9e
o000
Po <~ —— — e00
PP N SN SN S YO VN S N S YO VO SN WO VOO O o s SO N o0
18 f,,,fx:eirtiturei,uniiﬁeeéde,!:r'eldénaiércéusibsw ... et : ®
17 _:ce:nturecentreedehleymun
16 1lm1‘tesuper’leuredeNeymcn_
15 If r,=3andn=9:
14
13 P\r,, €]2.6,12.3])= 0.9
- (750 €[2:6,123])
11
10
° Iifr,=3andn=3:
. P(ry <4.5)20.9
6
4
0 0 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 119 20

n
Because = is integer: coverage cannot be strictly exact

Confidence interval never void, though limr,,, Ecreandl

ifn=r3—3=0:P(rsSI)=0.
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Summary of Feldman—Cousins prescription for counting experiment

max
:9 I : 6 - Lower Limit Examples :
8 - . .

., . Upper Limit 5 - If r, =4.7 and n =8 : P(ry, [0.7,9.3])=0.9

16 Q If r,=25and n=3:P(r;, <4.9)=0.9
N : \

=
>
ov0000

15 |
14
13
12
11

-
[=]

o = N W 20 N > W

|
10 11 12 13 14 15 16 17 18 19 20
I’.B
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Application to the search for neutrino oscillation

The confidence interval of parametre 6 of a model that predicts r, (6) is:

p(e, €[®,,.8,,, |)=o with

0, =r (Om,.n) =r

S min

0,.=>r (Omax) =r

S max

Alternatively, 6 may replace r; as ordinate of all plots and the physical bounds on 6 used.
The procedure may be extended to a set of parametre 6 of a model that predicts r; (Q)

Am? [(eV/c2 )2 } L[km]

E[GeV]

|ve> = cos9|v]>+ sin9|v2>

_ cin2 )
|Ve'>=6’0S9|V2>—sin9|v1>:>P(vﬁ_)vﬁ'ié)_sm (20)sin”| 1.27

e.d. P(vu - VT) inav, beam

Face the two pathological problems:

- if mixing sin? (26) small : small signal

- the combination of the true value Am2

and values of L/E accessible to experiment
such that small signal even for large mixing
- physical bounds : 0 < sin® (20) <1

+ background : v, misidentified as v,
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Application to the search for neutrino oscillation : outcome of one experiment

Am? [(eV/cz)z}L[km]

E[GeV]

P(v v )=sin2(26)sin2 1.27
1) T

For simplicity, assume that L > fluctuations on L

P(vu - VT) = P(E) = divide in V energy bins (the better the energy resolution, the more bins)

In each bin i :
£(v.)
£(v,)

define a set of v_ selection criteria = log\ = log is large

compute the expected background : r;,
compute for a discrete set of pairs of values of (Amz,sinz (26)) the expected signal :
rg, (Amz,sin2 (26))

computation are not analytic and require Monte-Carlo simulation.

Outcome of one experiment :

rBi

rsl.(Amz,sin2 (26)) ri=1,N

01112006 one particular set n; of observed events | 120



Application to the search for neutrino oscillation : oscillation probability

E uniform on [10.,60.] GeV

log Am2 —uig — 2005;’11;’25 L = 0.6km
[ P <0.01 N(v,)= 2000000
- == ps 1

25 [ EA L LR R LIRS R NSRRI R IR YL ]]
- rasakdkdasdr A daarradd A AFSASA
- rdadardrdasadrdadardrrasaratararrasarata
- rdakakdkrdasddadakdrdasarrasAaradrSAaSANRARA
- rdakakdkrdasdddadakdrdasarAAa kS ASANRARA
ML rdasasdrdasadsadacdrsasacsasararsasAaraSa
- rdasacdrsasadsadacsrsasactasararsasanrtnsa
- A sakErdasdradardrdatarrad kA AFSARA
- rasakEdrdasdr A raar A A kA AFSASA
- krdadardrdasardadardrasaratarerrasaraSa
1.5 rdakakdkrdasddadakdrdasarrasAaradrSAaSANRARA
- rdakakdkrdasddadakdrdasakaAaradrSASANRARA
- FESENZEREERZFESFE RSN ARG RFERE RSN BEREREEFERENEN
- FEEEZEREESEFE RSN SERERSFERE RS NSE RS RSN E RSN
- LA A LA R ALl Rl Al R 2Rl aREda 2l allll y)
i FENFIRERFVUFIRFNEFTRERFUIFARFNFIFS RTINS
- LA L A R A R LRl Ll Rl Rl iRl iyl L))
= FEFFEFERERFEFIR SRS R NI RSN RS RFNSEA RSN
- (A2 L R A 2Rl Rl Ll Rl Ll ly iRyl L)l
- BEFNSERERSEFIRFNSERESR NI SNSE RS RFNSEREESN
0.5 - (A2 LA R 2R Rl LRl RR 2Rl Al lnRlyli iRyl L))
- LA A LA R ALl Rl Rl aRRRlaRElda 2l ARl y)
- LA A LA R ALl Rl Rl aRRRlaRElda 2l ARl y)
- LA A L A R A R LRl Ll Rl Rl il d. Lyl
- LA A L L R A R LRl Ll Rl iRl iyl Lyl
(W FHEFEFEF G BT RIS PEBIEF I FRE R FEIARBNR N

D.E IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII
—4.5 —4 3.5 -3 2.5 =z —1.5 -1 -05 0 0.£

log sin’ (26)
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Application to the search for neutrino oscillation : belts

Definition of the belts at C.L.= o in the (Amz,sinz (26)) plane

For each discrete pair of values of (Amz,sin2 (29)) =’ (Amz,sin2 (26))

The possible outcomes from a large number of simulation experiments
is a large number of sets n=(n,,..n, )

resulting from fluctuations on the expected background (53) and signal r; (Amz,sinz (26))

P(g I (Amz,sinz (29)),53) ) ﬁ P(nl. |7 (Amz,sinz (29)),r3,.)

For each set, compute R(g | Am? ,sin® (29)) =
P(Q|§(Am2,sin2 (26)’1’3 |Q)) = P(n,. |r;l.(nl.;Am2,sin2 (26),1*3,. |g))

where r, (Q;Amz,sin2 (26)) maximizes P(g | 1 (Amz,sinz (29))) in the physical domain given n.

valuesof n<r, = P_<0 or sin® (26) < 0 may occur.

osc

H true 3 ~ .
In regions where P is small, r, <= r, :

7,
In regions where P ~1: N(v,)> N(vu) = P_ >1orsin? (26)>1 may occur.

oscl osc

Select the value R, (Amz,sinz (29)) such that a fraction a of the sets (#) have R(n)< R

o
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Application to the search for neutrino oscillation: confidence domain | g9 ee
T
000
o
Confidence domain set by one experiment at C.L. =« in the (Amz,sin2 (29)) quane
One experiment < one particular set (1)

For each discrete pair of values of (Amz,sinz (29)) 7 (Am2 ,sinz (29))

P(ﬁ (Am ,szn2(29) iy )

P(ﬁ| (n Amz,sin2 (29),1’3‘)

compute R(é | Amz,sm 29))

/

Confidence domain : Pairs of values (Amz,sinz (26))

such that R(ﬁ | Amz,sin2 (29)) <R, (Amz,sin2 (29))
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Application to the search for neutrino oscillation: CHORUS and
NOMAD rejection domains and the use of different prescriptions

1335 I | i III | ] III1I=‘I| | 1 1IIIII| I LRI
- “HORUS ! -
- ESSIE'-{
- NO : 1+ CCFR
10<E ¢ A .
= /1 CHARMII 73
— - Loy L
(AN L I
:} - \‘1: 1" i -
m B "H",‘l\. JJ- 7
e R =
10 B G - -
- : - 3
<] C ]
" Domain of N S
1 — =
= acceptance at .
- 90% C.L. CDHS -,
"{]_1 1 1 IIIIIII 1 1 IIIIII| [} 1 IIIIIII 1 i B 1ipns
—4 - ~7 -1
10 Lol 10 % 10 1

. 2
SIN“271%,,
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CHORUS - Junk prescription

— . == CHORUS - Feldman-Cousin prescription

NOMAD - Feldman-Cousin prescription

Feldman-Cousins and Junk prescriptions are
different but both statistically correct.
They have exact coverage. The acceptance
region would include the true values of the
parameters for 90% of similar experiments.

The confidence domains for one
particular experiment are different.
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Application to the search for neutrino oscillation : gain in binning

Net gain in binning events according to toplogy/kinematics in bins of
low background and high S/B

Bin A : S =3.0 S+ B =24.9
BinB: S =22 S+B=25
A+B : S =52 S+ B =264

Statistically easier to detect a signal above background in bin B than in the whole sample
dominated by bin A.

Bin B brings most of the information.

Bin A brings small but not null additionnal information without altering the information
provided by bin B.

Bins A and B are two independent experiments
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X — Monte-Carlo
Simulation
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Uniform pseudo-random numbers £ generators on[O, 1] -

Pseudo-random : result of an algorithm that produce identical numbers when repzatgcf
Random : no way a posteriori to distinguish from genuine random numbers o0
Good generator:

* Randomness and uniformity.
 Length of the sequence before repetition and disjoint sub-sequences.
* Reproducibility.
* Portability.
» Speed.
The first generator : von Neumann generator

- X, made of r digits,

- Y,, from the r/2 central digits of X, If X,=X,.,: period fixed to 1

-X, = Y, xY,
- Y,, from the r/2 central digits of X,

RANMAR, mix the bits of two generators (G. Marsaglia, A. Zaman and W.-W Tsang, Stat. Prob. Lett 9 (1990) 35)
1. Differed Fibonacci sequence : X, =(X, -X, +1.) mod(l.), q<p

2. Arithmetic sequence : 0<c¢,d <1
Y =Y,

i i-1

Period of 1043

Large number of sub-sequences (30000 x 30000)
if ¥, <0. = Y, =Y, +d of mean periodicity 103

3. Combibation of the two sequences

Z, =6Xpood; +1.) mod (1.) 127

- C



Non-uniform discrete random numbers generators
Random number on [a,b]]

&on[O, 1] =>Xx = a+ (b-a)k.

- x may take a finite set of N values (x,,...,x, ) with probabilities (p,,.., p,)

binomial distribution
Define the distribution function P, =) p, ,n=1,N
i=1

P,=1; call P, =0

Accept value x, forx if P_ <E< P,

- x may take an infinite set of values
Poisson distribution

Define the distribution function P, =» p, ,n=1,N

i=1
for a finite number of values until P, =1.

If £.B0s cOmpute P, _.,..., P, until E< P,, 128



Non-uniform continuous random numbers generators : cumulative method

Generate value of x following PDF f(x)

F(x) = fo(x’)dx' ;0<F (x)<1
dF(x) = f(x)dx
x=F" () follows f(x)

dF(x) f(x)dx
X =
dx dx
Method limited to PDF where F(x) and F™' (&) are analytical

Exponential PDF : f(x)= L

B
F(x)=1—e_ =&
x=-f log(l-&)
% PDF:ifv=2n x=-2log(&¢,...£,)
fv=2n+1 x=-2 log(?;@z ...ﬁn)— 2 logk, ., cos® (2n§n+2)
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Demonstration : PDF(x)= PDF (§) Z—g =1 = f(x)
X

Simulation d'une distribution
exponentielle de moyenne 1

=™ | &



Non-uniform continuous random numbers generators : cumulative method

Isosceles trapezoidal and triangular distributions

2a < 2b the two trapeze bases

¢ the minimum value of x:

x=c+(b+a)& +(b-a)k,

If a =0 : triangular distribution

x=c+b(<";l+

)

Left half-trapeze or half-triangle
fx>c+b:x=(c+b)—(x—(c+b))
Right half-trapeze or half-triangle
fx<c+b:x=(c+b)+ ((c+b)-x)

X € [c,c+2b]

Linear distribution f(x) =ax+5 on [0,1]

r

Define a,p:<

\

_f(1) _a+b ‘
1 r(0) b L =>
jax+b —+b 1

Fx)m%= —x +bx = x=

—b+/b* + 24§,

a

b= 2
r+1
a=b(r—1)

Simulation d'une distribution
trapézoidale isocéle :

* Grande base : 10

* Petite base . 6

= Valeur minimale : 4

Simulation suivant une distribution linéaire



Non-uniform continuous random numbers generators : gaussian distribution :::.
(Y XX
Exact method of Box - Muller E— 00
- Simulation d'une LY
Take ... . hormale (0,1) ()
I Méthode de

x, =+-2log&, cos2n, oo | Bl
x, =—2log&, sin2nk, |

or
_(xf+x§)

&1 =e ?
X,

. arg tgz( Al)
Tc |
% % o Lot e e T TS
ox, Ox, _

f(xpxz): ag a&’ f(&lygz) with f(§1,§2)= f(&’l)f(‘%z):l

xi+x] 1 1xl2 1 _15
J(xi,%,)="e 2( ) = e’ e’ :f(xl)f(xz)

x, and x, are independent and distributed following N (0,1)
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Non-uniform continuous random numbers generators :

Generate x following ' (x) on [a,b]
h(x)=1/(b-a) uniform on [a,b]
oc=fmax><(b-a) :>0Lh(x)=fmax2f(x) on [a,b]

Algorithm:

- generate &, and &, on [0, 1]
-x=a+2’;1x(b—a)

simple acceptation/rejection

%10~

Q.3

0.2

0.15

0.1

0.05

. f(x) _f(x)
- acceptx if &, < oh(x) =
[ oun(x) dx
Efficiency (number of £ to get one x) e =2
If(x)dx

& may become very small if £ (x) has long tails.
If a,b =+o0 : tails must be cut
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i acceptation/rejection simple

ah(x)=f,

=2a o L

200 40 600 500 1000 1200

(- L
1400 1800
x
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Non-uniform continuous random numbers generators : acceptation/rejection adapted to the sample

f(x) limited on a series of K intervals [a,_,,a, | by o,/ (x) .

witha, >1 = o,k (x)2 f(x)on [a,_,,a,]

h,(x) a PDF allowing cumulative method

Algorithm:
iai
- — a] P _ i=1 V. _ 1
Pi==—— 4= J=Ln
2% 2.
i=1 i=1

- generate §,,&, on [0,1]

- acceptx si £< f(x)/a,h, (x)

- select interval k =[a,_,,a, |= P,_, <E<P,

- generate x sur [ a,_,,a, | following h, (x)

Example: gaussian distribution

2
X
1

f(x) =\/ﬂe

< o, b (x) k=1,2
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0.3
acceptation/rejection adaptee sur trois intervalles
par deux distributions triangulaires et une lineagire
0.25
0.2
0.15
0.1 |- ahy(x) f(x) ‘ ahalx)
0.05
I - ahal)
o Lo i | e s g flg 5 B
0 600 8500 1000 1200 1400 1800
X
e » a,hy(x) Composition d'une distribution normale par
S TS, -+ une distribution uniforme sur [0-1]
I'. + une distribution expanentielle sur [1-=]
035 II
\ |
03 \ i
B 7 \
A
025 \ I'|
\\, ,“‘
k [x] Q, h, (x) \ \
L L
A\ ":"2( )
1 0.15 \'\
1|[0-1] N 1 o \
0.1 X W
21
1 0.05%
-2(x-1 .
2 [l_w] 2 ( ) %% 05 15 2 2:{1—:3_ 35 ]
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