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1 Introduction

String propagation in strong gravitational waves has attracted a considerable amount of
attention on account of a few highly special properties of such space-times (see [1, 2] among
other publications). For one thing, the structure of the curvature tensor in plane gravita-
tional waves implies that these solutions to Einstein’s equations (coupled to appropriate
matter fields, if necessary) remain uncorrected [1, 3] in a number of higher derivative exten-
sions of general relativity (and, in particular, they do not receive any «’-corrections when
introduced as backgrounds in perturbative string theories). Furthermore, the correspond-
ing light cone Hamiltonian of string o-models turns out to be quadratic and admits a fairly
thorough analytic treatment. (This class of backgrounds also admits a natural formulation
of the matrix theory description of quantum gravity [4, 5].)



In this publication, we shall concentrate on backgrounds of the following form (so-called

exact plane waves):

d d
ds® = —2dX+dX™ — F(X*) Y (X)X H)? + ) (dXx')?. (1.1)
=1 =1

This representation of the metric is often called the Brinkmann form. The case of constant
F(X™) corresponds to supersymmetric plane waves studied in [6], and it is quite different
from the the rapidly varying F(X™) we intend to consider. (A coordinate transformation
can be performed into the so-called Rosen coordinates eliminating the dependence of the
metric on the transverse coordinates X*. The resulting metric depends on X* only and
displays manifestly a plane-fronted space-time wave propagating at the speed of light.
However, the Rosen parametrization tends to suffer from coordinate singularities, and we
shall work with the Brinkmann form.)

The function F(X) contained in (1.1) is completely arbitrary, and one may ask,
for example, what happens to quantum strings propagating in such space-times when the
wave profile F/(X ™) develops an isolated singularity. This question is of some interest per
se, since studies of string theory in the presence of space-time singularities have played a
pivotal role in the development of the subject (and, in this particular case, we are dealing
with singularities in time-dependent backgrounds). Additional heuristic justification for

our studies is provided by the observation that plane waves of the type (1.1) with

1
(X+)?

F(XT) ~ (1.2)
arise as Penrose limits of a broad class [7] of space-time singularities (including the
Friedmann-Lemaitre-Robertson-Walker cosmological singularities). With F(X™T) of (1.2),
the metric (1.1) is invariant under scaling transformations X+ — aX*, X~ — X/«
(identical to Lorentz boosts in flat space-time). Note that this type of singularities is
considerably stronger than the so-called “weak singularities” of [8].

Free string propagation on (1.1) with F/(X ™) given by (1.2) has been previously studied
in [2]. In particular, it was suggested in that publication that the question of propagation
across the 1/(X*)?2 singularity in the metric can be addressed by employing analytic con-
tinuation in the complex X *-plane. We believe that this issue merits further elucidation.

In the context of string theory and related approaches to quantum gravity, there is a
general expectation that the space-time background used for formulating the theory should
satisfy some stringent consistency conditions. For perturbative string theories, these con-
ditions take the form of the appropriate supergravity equations of motion together with an
infinite tower of o’-corrections. For non-singular plane waves, all the o/-corrections vanish
automatically on account of the special properties of the Riemann tensor corresponding to
these space-times. For singular space-times, the question of background consistency condi-
tions at the singular point appears to be extremely subtle. Indeed, what should replace the
supergravity equations of motion at the singular point where they obviously break down?
Ad hoc prescriptions are not likely to produce meaningful results under these circumstances.



One approach to formulating string theory in backgrounds (1.1)—(1.2) is to resolve the
singular plane wave profile into a non-singular function, perform the necessary computa-
tions and see if the result has a meaningful singular limit. (This approach was advocated
in [1], where a conjecture was made that for certain choices of the plane wave profile, taking
a singular limit may result in well-defined transition amplitudes. We intend to consider
this question quantitatively.) Note that, for the resolved space-times of this sort, pertur-
bative string background consistency conditions are automatically satisfied to all orders in
a/. The only non-trivial question is the existence of a singular limit.

But how should one resolve? We want to construct a function F(X™,¢) in such a

way that
const

lim F(XT,e) = x)? (1.3)
everywhere away from X = 0. There is in principle a large amount of ambiguity associated
with such resolutions. One class appears to be very special however. The background (1.1)-
(1.2) possesses a scaling symmetry and does not depend on any dimensionful parameters.
It is natural to demand that this symmetry should be recovered when the resolution is re-
moved. This will happen if the resolved profile F(X™*, €) does not depend on any dimension-

ful parameters other than the resolution parameter €. In this case, on dimensional grounds,

F(XT,e)= %Q(X+/e). (1.4)

€

The limit (1.3) will be recovered if

Q) — % +0 (%) (1.5)

for large values of 7, with some b > 2. Note that the fact that the original background
possesses a certain symmetry (away from X = 0!) in no way implies that we must resolve
in a way consistent with this symmetry. For resolved profiles different from (1.4), the limit
of the metric may still be given by (1.3) away from X = 0 (and thus be scale invariant),
but additional dimensionful scales may become buried inside the singularity at X+ = 0
(in a way that only affects processes involving singularity crossing). One would need some
strong physical rationale for introducing such scales buried at the singular locus, and in
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the present publication we shall simply study the “scale-invariant” resolutions (1.4).

The structure of the paper is as follows: we will first derive the Hamiltonian for a free
string in the background (1.1)—(1.2). Then we recapitulate the main results of [9] for the
evolution of the center-of-mass motion across the plane wave singularity. We extend this
analysis to the evolution of excited string modes. We conclude by discussing stringent
conditions arising if one demands the total mass of the string to remain finite after it

crosses the singularity.

2 Free strings in plane waves

Due to the presence of covariantly constant null vectors in plane wave geometries, the
string theory o-model can be analyzed explicitly in such backgrounds, and reduces to a set



of independent classical time-dependent harmonic oscillators. In this section, we re-state
this familiar material in a way convenient for our present investigations.

2.1 The light cone gauge

String worldsheet fermions are free in plane wave backgrounds [10]. We shall therefore
concentrate on the bosonic part of the string action, given by

I =—

1 2 1
/dT/ dov/—g | ™G0, X 0 X" — ~a'R?d ) . (2.1)

drad 0 2

We choose light-cone gauge X = o/p™7 and gauge-fix the metric,
det(gab) = -1, 05950 = 0, (22)

to obtain the following Lagrangian, where we have solved for g,.:

8

o T - e, @O i\2
do | 2goop™ @0 X~ — goo Z (arX ) + TQ(O‘ p T/e)(X )
0

i=1

1
4o/

L:

8
_ A 1
~20r0 (@' PF 0 X =0 X0, X)) 0,5 (1-g2,)) (0, X")*— 5o/R<2><I>> . (2.3)
i=1
We rescale € = €a/pT,
(a'pt)? 1
5 UXT /) = Z7/€), (2.4)
and from here on, we will denote worldsheet time 7 = ¢ and write € instead of €. The
o-dependent part of the oscillator X~ is non-dynamical and enforces ¢g,, = 0. The o-
independent part of the oscillator X~ can be eliminated as a constraint (g,, = 1), the
(dynamically non-trivial) coupling to the dilaton disappears (see, e.g., [2]), and we can
write the following worldsheet Hamiltonian

1

4ol

H:

/ daé (w%a)? 20 /(X) + (aaxif) , (2.5)

where P; are momenta conjugate to X*. We will now choose units in which o/ = 1. If we
Fourier transform the o-coordinate,

X't o) = X5(t) + \/iz (cos (no) XL (t) +sin (no) X;(t)) , (2.6)

n>0

we obtain a set of time-dependent harmonic oscillator Hamiltonians

oo d
H=>"Y" Hy (2.7)

n=0 i=1
e (28)
2 5 \2 i\2 i \2
Hy — w n <n2 4 %Q(t/e)> M (2.9)



2.2 WKB solution for time-dependent harmonic oscillator

The Hamiltonian (2.7) is quadratic and the solution to the corresponding Schrédinger equa-
tion,

gt (t; X2) (ZZHH> o(t; XL), (2.10)

n =1

can be found using WKB techniques, which are exact for quadratic Hamiltonians.
From (2.10) it follows that

2
1@§qﬂ”tX”+3(2+§ﬂwa)@m%%mxp, (2.11)

Za(bn(thn) - 92

if we separate variables as

8
x) = [T T ¢t x0). (2.12)
n =1
We then take the WKB ansatz
oLt X) = An(tr,t) exp (1S X1 .. t11X),1]) (2.13)

where Sclm[Xin,tﬂXf;,t] is the “classical action” evaluated for the path going from X{"n
at the time #; to X! at the time t,

t i \2 / i \2
i i (XD o AL (Y (XR)
Sul XY 11| X 1] _/tl at ( : <n +€29<6>> ) e

If A, (t1,1) satisfies

0 0?

—2—A,(t1, )—An(tht)m

a1 SalX1 . 01 X, 1], (2.15)

then (2.13) satisfies the original Schrodinger equation exactly.
Up to normalization, a basis of solutions, labelled by the initial condition X7 (t;) =
X'l

1,n

is given by [9],

. d
t XZ H \/T <_% ; [(X%,n)Qamc - (X%)Qamc + 2X{,nX111]> ’ (216)

where C(t1,t2) (suppressing the index n) is a solution to the “classical equation of motion”
for the time-dependent harmonic oscillator Hamiltonian (2.9):

3326@1,152) + <7”L2 + 632 Q(tg/e)) C(tl,tg) =0, (2.17)

with initial conditions specified as

C(ti,t2)|ty=t, =0,  0,C(t1,t2)|t,=t, = 1. (2.18)



We shall refer to C(t1,t2) as “compression factor”, since it describes convergence of solutions
to the corresponding harmonic oscillator equation starting at the same point at the moment
t1. (If C(t1,t2) vanishes, then ty is a focal point, as the difference between any two solutions
with the same initial position X (¢1) is proportional to C(t1,t2).) A useful representation

of C(t1,t9) is given by

f(t)h(t2) = f(t2)h(t1)
WI(f,h] 7

where f(t) and h(t) are two independent solutions to the differential equation under con-

Clt1, o) = (2.19)

sideration, and the Wronskian W is given by
W/[f,h] = fh— hf. (2.20)

To derive the singular limit of the wavefunction (2.16) it is sufficient to study the singular
limit of (2.17)—(2.18).

3 The singular limit for the center-of-mass motion

For the n = 0 mode, we obtain as the “classical equation of motion”
.. A
X+ 5Q(t/e)X =0. (3.1)
€

We need to study the € — 0 limit of the solution that obeys the initial conditions

X(tl) =0, X(tl) =1, t1 < 0. (32)

The singular limit of solutions to this equation has been analyzed in [9]. Performing
a scale transformation Y (n) = X (ne), with n = t/e, removes the e-dependence from the
equation, leaving

82

6—772Y +AQ2(n)Y =0. (3.3)
This scale transformation is possible because our initial singular metric was scale-invariant
and we have resolved it as in (1.4) without introducing any dimensionful parameters besides
e. The existence of a singular limit is then translated [9] into constraints on on the asymp-
totic behavior of solutions to (3.3). These “boundary conditions at infinity” are strongly
reminiscent of a Sturm-Liouville problem, and it is natural that a discrete spectrum of A
is singled out by imposing the existence of a singular limit.

For the specific asymptotics of our resolved profile (1.5), it can be shown [9] that, in
the infinite past and infinite future, the solutions approach a linear combination of two
powers (denoted below a and 1 — a, with a being a function of kA, cf. (1.4)—(1.5)). This
power law behavior simply corresponds to the regime when the second term on the right
hand side of (1.5) can be neglected compared to the first. It is then convenient to form
two bases of solutions, one asymptotically approaching the two powers (dominant and
subdominant) at n — —oo,

Yi-(n) = [nl*~ + o(|n|*~), Yo (n) = [nl' == + o(ln|* =), (3-4)



and another behaving similarly at n — +oo

Yig(n) = [n|* + o(|n|™), Yaoi (n) = [n|'~* + o(|n|' ), (3.5)

1 1
= — — — Mk, .
a+ 2+\/4 + (3.6)

(We are temporarily assuming that k can take two different values k4 for the positive and

where a+ is given by

negative time asymptotics, a possibility that will be discarded shortly.) The two bases
need, of course, to be related by a linear transformation:

Yi4(n)
Yot (1)

where Q()) is a 2x 2 matrix whose determinant is constrained by Wronskian conservation as

= QN ; (3.7)

WIYi-, Yy ] = W[Y14, Yoy | det Q. (3.8)

The singular limit has been rigorously considered in [9], but the results can be un-
derstood heuristically from the following argument. Imagine one is trying to construct a
solution Y to (3.3) satisfying some (e-independent) initial conditions at 1, = t;/e < 0.
This solution can be expressed in terms of Y7 and Y5_ (a complete basis) as

Y = ChYi_ + CyY5_. (39)

Since the initial conditions are specified at 11 = t1 /€, the asymptotic expansions (3.4) are
valid. There needs to be a non-trivial contribution from both Y;_ and Y5_ in the above
formula in order to satisfy general initial conditions. Hence, the two terms on the right
hand side should be of order 1. Therefore, we should have

C1=0(e*),  Cy=0(e). (3.10)

If we now apply (3.7) and (3.5) to evaluate Y at a large positive n = t3 /e, the powers of €
in C1 and C5 will combine with the powers of € originating from Y7, and Y5, and yield

Y(t2/e) =QuNt3" O(e" ") + Qua(\)ty, O+ 1)
+ QN5 O™ %) 4+ Qaa(N)ty " O(e™+ ). (3.11)

Since a4 and a_ are greater than 1/2, this expression can only have an € — 0 limit if
ar = a_ (ie., ky = k_ and we can set both equal to 1 by redefining A\) and Q2;(\) = 0.
The latter condition implies that the absolute normalization A of the plane wave profile
Q(n) will generically lie in a discrete spectrum, dependent on the specific way the singularity
is resolved, i.e., the shape of Q(n). A particular exactly solvable example for this discrete
spectrum (there called “light-like reflector plane”) has been given in [11]. With Q21(\) =0
and det Q = —1, the matrix () can be written as

_ |9 q
Q= [0 _1/q] ; (3.12)



with ¢ being a real nonzero number (G does not affect the singular limit). For flat space-
time we have ¢ = 1 and for the “light-like reflector plane” of [11] we have ¢ = —1. In the
singular limit, a basis of solutions is given by

Yi(t) = (—1)%, Ya(t) = (=)', t <0,
Yi(t) = qt?, Ya(t) = —3&“, t>0. (3.13)

4 The singular limit for excited string modes

Following our general discussion of free strings in plane wave backgrounds, the evolution
of excited string modes is described by time-dependent harmonic oscillator equations

2
%X(t) + <n2 - %Q(t/e)> X(t) = 0. (4.1)

Solutions for the wavefunctions of the excited string modes can be expressed in terms of
a particular solution to this equation C(t1,%2) defined by (2.17)—(2.18). Hence, to analyze
the singular (e — 0) limit of the excited modes dynamics, it should suffice to analyze the
singular limit of C(#1,2). Because n? is finite, it is natural to expect that it does not affect
the existence of the singular limit (governed by the singularity emerging from Q(¢/¢)). We
shall prove that it is indeed the case for positive A (for negative \ unstable motion of the
inverted harmonic oscillator leads to divergences').

To derive C(t1,t2) for equation (4.1) we use the following strategy: the differential
equation (4.1) is linear and any solution X(t9) at t = to can be written in terms of a
“transfer matrix” I" that only depends on the initial and final times,

— T(ty, 1) E EZ;] . (4.2)

The transfer matrix can be expressed as

(4.3)

T(tl,tz):[ ~9,C(t1,ta)  Cltr,t2) ]

_8ti8tfc(t17 t2) atfc(tla t2)

where 9y, and 0, indicate differentiation with respect to the first and second argument
respectively. The transfer matrix is completely determined once C(t1,t2) has been deter-
mined, and vice versa. We will now use the fact that transfer matrices of subintervals
are combined by ordinary matrix multiplication. Dividing the solution region into three
sub-intervals, we shall calculate the transfer matrices T} for each sub-interval k and apply
multiplication to construct the total transfer matrix. The sub-intervals shall be chosen as
indicated in figure 1. We use t. to indicate a time that will approach zero in the singular

!'More specifically, the divergences arise from sub-leading infinities in the position of the inverted har-
monic oscillator, while the leading infinities cancel. (Such sub-leading infinities are absent for the center-of-
mass motion analyzed in section 3, hence no analogous divergences in that case.) Further details are given
in section 4.4 and appendix A.
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Figure 1. The solution region of (4.1) divided into three sub-intervals.

limit as
te = €7, (4.4)

with ¢ staying finite in relation to the “moments of observation” ¢; and t,. The number
¢ (between 0 and 1) will be chosen later as needed for our proof. On each interval, we
can write the transfer matrix T} in terms of the “compression factor” C;. Using matrix
multiplication to construct the full transfer matrix 7', we can now deduce an expression
for the “compression factor” of the complete interval

C(t1,t2) =Cr(t1, —te)Or,Cur(—te, te) O, Crnn(te, ta) — O, Cr(t1, —te)Cr(—te, te) O Crnn(te, t2)

= Cr(t1, =)0y, 0, Cri(—te, te)Cri(te, t2) + O, Cr(tr, —te)Op, Cur(—te, te)Crun (te, t2),
(4.5)

in terms of the “compression factors” of the three sub-intervals. Once again, J;, and 0y,
differentiate C with respect to its first and second argument (initial and final time).

To study the existence of the singular limit of C(¢y, t2), we will use the following strat-
egy: for two linear differential equations related by a small perturbation we will establish
a bound on the difference between perturbed and unperturbed solutions with the same
initial conditions. This bound will, of course, apply to Cy. For each of the three sub-
intervals introduced above, we will consider a simplified differential equation that is a good
approximation to equation (4.1) on the corresponding interval:

e Region I and ITI: X (¢) + (n? + A/t?) X(t) = 0 (related to Bessel’s equation);
e Region IT: X (t) + A\/e2Q(t/€) X (t) = 0 (equation of motion for the zero mode).

Then, on each sub-interval, C, can be written as the sum of a simplified “compression
factor” Cj, satisfying the simplified differential equation on this sub-interval, plus a small
perturbation dC;. We will prove that, in the singular limit, the 6C; will drop out of the
expression for the total “compression factor” C(t1,ts).

Most of this section is dedicated to implementing the proof we have just outlined. The
reader primarily interested in the discussion of the singular limit and content with the
general sketch given above can skip to section 4.4.

4.1 Bounds on solutions to perturbed differential equations

In view of the subsequent application to the singular limit analysis, we would like to bound
the difference 60X between the solution X (t) of a perturbed differential equation,
82

5 X+ (X +00) X =0, (4.6)



and the solution X (¢) of an unperturbed differential equation,

9% _ —
—X+TX = 4.
where we take
X=X+06X (4.8)

and demand that the initial conditions remain unchanged:

X(to) = X(to), X (to) = 0 X (to). (4.9)

If we substitute (4.8) and (4.7) into (4.6) we obtain a differential equation for the pertur-
bation on the solution.

g—;(SX +T()6X = —07T(t) (X +6X). (4.10)

A formal solution to (4.10) is given by
SX (1) = — / G, (L, 1)SY (') (X(F) + 5X (1)) . (4.11)

with the Green function G, (t,t") satisfying

82 / /
<ﬁ+T(t)> G, (t,t) =46(t—1") (4.12)
and initial conditions
Gy (t,t) =4, = 0, G (t,t)]1=1, = 0. (4.13)

Therefore, we can write the Green function in terms of the “compression factor” C of the
unperturbed equation (4.7), where C obeys the same initial conditions as in (2.18):

C(t',t) to<t <t,
Gr(t,t) = (t,6) to (4.14)
0 otherwise.

To obtain a bound on §X we will invoke the so-called Gronwall inequality [12].

4.1.1 The Gronwall inequality

Let I = [A,B]. Assume 3 and « real valued and continuous on I and $ > 0. If u is
continuous, real valued on I and satisfies the integral inequality

u(t) < at) + /A B(s)u(s)ds, tel, (4.15)

then

u(t) < alt) + /A t B(s)a(s) exp < / t ﬂ(r)dr) ds, tel. (4.16)

,10,



Proof. First we define

¢
z(t) = / B(s)u(s)ds, tel.
A
Then, after differentiation and using the initial assumption (4.15), we obtain

() = Bt)u(t) < B(t)alt) + B(t)=(1).

Using the line above we write

oo (= [ stwan) )] = e (= [ o) (66) - 59206)
< B(s)a(s)exp (- /A ’ 6(u)du> sel.

We integrate from a to t and obtain,

exp <_ /A t ﬂ(s)ds) (1) < /A t B(s)a(s)exp <_ /A ) ﬂ(u)du) ds  tel

From assumption (4.15) and (4.21) we now derive the desired inequality,

u(t) < a(t) + =(t) < alt) + exp ( /A t ﬁ(r)dr) /A  Bs)a(s)exp (- /A ) B(u)du) ds

=at) + /Atﬂ(s)a(s)exp </:B(u)du> ds, tel.

4.1.2 Bounds on the perturbations §.X

From (4.11) we derive the following bound on the formal solution §.X

|6X(1)| < /OO |G, (t, )T ()X (t)|dt' + /OO |G (t, )Y ()6 X (¢)|dt’.

— 00 — 00

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

We will now use the fact that, by virtue of (4.14), where nonzero, G, (t,t') = C(t',¢). Hence

(cf. (2.19)), inside the integral,

1

G(t,)] < Wi (IF 1A+ 1 @) IRIar) = g(#),

(4.25)

with |f|as and |h|ps being the absolute value maxima of these functions on the integration

domain. The integration regions are in fact finite, since (4.14) vanishes unless ¢ty < t' < t:

|6X ()] < t|g(t’)5r(t’)X(t’)|dt’+ t|g(t’)6T(t')5X(t/)|dt'.

to to

Since g¢(t') is independent of ¢ we can now apply Gronwall’s inequality to obtain

OX(B)] < [ 1g()oTE)X(#)dt!

to

+ /t ( / \g(t”)éT(t”)X’(t”)]dt”) lg(t")6X (') |exp ( /t g(t")5T ()| dt,,> "

to

— 11 —

(4.26)

(4.27)



On the interval (tg,t) we assume the existence of a maximum of |X| and of |§Y| and we
call these |X|ps and |6Y|ys respectively. We also assume the integral ftt) lg(t")|dt’ can be
bounded by a number M. If

t
lg(t)|dt’ < M, (4.28)
to
then it follows that also .
lg(#")]dt" < M. (4.29)
tl
We thus find
10X ()] < | X|ar (M0 |as + M3[6Y |3 exp (M[6Y[ar)) - (4.30)

The second term on the right-hand side is negligible compared to the first one for sufficiently
small |67.

4.2 Solutions away from the singularity

In regions I and IIT we will take

1 b
T =n?+ k/t?, 0T =50 (F)) (4.31)

with b defined in (1.5). The solutions to the unperturbed differential equation (4.7) are

\/mja(\“ﬂ% \/mJ—a(‘nt’)7 a=a-— %7 (4'32)

where the Bessel functions, J,(z) and J_,(x), satisfy the differential equation

given by

0? 0
72 2 2 _
pe 5 Ja(T) + xa—xJa + (2% — a?) Jo(a) = 0. (4.33)
(This Bessel-negative-order-Bessel basis is more convenient for our purposes than the often-
used Bessel-Neumann basis, as it approaches |t| and [t|'~® for small values of ¢ without
mixing the two powers.)

The unperturbed “compression factor” in region I is then

—nty)J_o(—nt) — Jo(—nt)J_o(—nt1)
o) = I e

Using the series expansion of the Bessel function for small arguments (they will be evaluated
at t = —t.),

T\ o 1
() ~ <§> NCEST a4 —1,-2,-3,.... (4.35)

we can estimate the various contributions to (4.30), thereby constraining the correction to
the unperturbed “compression factor”. One can distinguish three cases:

(1) a>1,Jy(—nt1) # 0, which yields

Clt1, )] oc 17900 |Gy o 179070 5Ty oc 72, M oc 190170,
(4.36)
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From (4.30), 6C(t1,te) is negligible compared to C(t1,%.) if

a—+1
. 4.37
¢ a+b—1 ( )
(2) a <1,Jy(—nt1) # 0, which yields
IC(t1,t)]| oc €1790=) (¢ o €0, 60 s o 272 M o €. (4.38)

From (4.30), 6C(t1,te) is negligible compared to C(t1,%.) if

3—a
e a— 4.
¢ b+1—a (4.39)
(3) Jo(—nty) = 0, which yields
IC(t1,t)] oc €799 1Clay o €, 60| o 272, M o €. (4.40)
From (4.30), 6C(t1,te) is negligible compared to C(t1,%.) if

24a
. 4.41
c>- T (4.41)

Whichever of the three cases is realized, it suffices for ¢ to be greater than a number
less than 1, in order for the corrections to the unperturbed “compression factor” to be
negligible for small values of €. The discussion of interval I1I is completely parallel to what
we have just presented.

4.3 Solutions in the near-singular region

The “unperturbed” equation in region II,

2
O IX(0)+ A0At/X (1) = 0. (442

is precisely that of the string center-of-mass motion. In order to simplify derivations, we
shall assume a4 = a_, as required for well-defined zero-mode propagation (see section 3).
The unperturbed “compression factor” in region II takes the form?

Qaa(M)[ti] ;= Quu(N) [t~ = Qua (M) [ti| ot %€ 4+ Qa1 (A) [t 14! 72

20 — 1 ’
(4.43)

where the 2 x 2 matrix @ is defined by (3.12), and we have used W{[t|%, [t|'~%] = 2a — 1.
To study the perturbation we will first perform the scaling transformation n = t/e, Y () =
X (ne), which yields

Cr(ti ty)=

32

on?

2This formula follows from (3.4), (3.5) and (3.7) via (2.19). Tt is also the same as (44) of [9]. The
expression given corresponds to small values of e. The corrections are suppressed by powers of € and do not

Y(n) + (¢2n® + AQ(n)) Y(n) = 0. (4.44)

contribute to the singular limit.
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We now take

T = \(n), 6T = *n?. (4.45)

If we now choose f ~ 7% g ~n'~%in (4.25), M of (4.28) for the region (—t /e, t./€) (whose

C

size, in 7, is proportional to €~ ¢) becomes (with the three factors coming from f, h and
):

the size of the integration region
M o e % (Ima)eg—e — —2¢, (4.46)

Because there are only power laws involved in (4.43), the maximal value Cj; is of the
same order as |C(—t.,t.)|. Furthermore, [6Y|y; o €? by construction. It then follows
from (4.30) that

6] < (0 (7) + O (¢ =exp (7)) €. (147

The correction is negligible for any ¢ < 1.

A subtlety in our above derivation deserves a comment (we would like to thank the
JHEP referee for raising this point): one might have thought that the factor of n? in 61
of (4.45) competes with the smallness of € and undermines the validity of our considerations
(for sufficiently large mode numbers). It is indeed true that, for each value of € (each fixed
resolved space), our analysis is only valid for modes with sufficiently small mode numbers
(though this range of validity increases infinitely as e is taken to 0). However, since the
modes are completely independent, the limit for the motion of the entire string (if it exists)
is exactly the same as if it were computed mode-by-mode. For that reason, n can be kept
fixed in the derivations of this section, and the problem of n? competing with the smallness
of € does not arise. (This attitude guarantees reproducing the e — 0 limit correctly for the
entire set of modes, though it does not allow to draw conclusions on the uniformity of this
limit with respect to n.)

4.4 Effective matching conditions

Having analyzed the “compression factors” on subintervals I, IT and III, we can combine
them into the total “compression factor” by applying (4.5). As has been shown above,
there exist a number ¢ in (4.5) between 0 and 1, such that the “compression factors” on
subintervals I, IT and III can be well approximated by the simplified expressions (4.34)
and (4.43), with corrections suppressed by positive powers of €. One can then substi-
tute (4.34) and (4.43) into the right-hand-side of (4.5).

For a > 1 (Ak < 0), the Bessel functions featured in (4.34) blow up near the origin
(the inverted harmonic oscillator is propelled off to infinity). This threatens the existence
of an ¢ — 0 limit. In appendix A, we display the divergences arising for a > 3/2. (For
1 < a < 3/2, the limit may exist for individual string modes, but a consideration along the
lines of section 5 would still indicate no consistent propagation for the entire string.) In
any case, we shall not explore this case further since, as will be explained in section 6, free
strings are not a good approximation to motion in such plane waves.

— 14 —



For a <1 (At > 0), substituting (4.34) and (4.43) in (4.5) yields
= RV4 —7Tt1t2

Cltrte) =5 - (QQZ(A)JWW(—ntl)Jmfa(ntz) = Qui(M\)J1ja—q(—nt1)Jq_1/2(nt2)

+ Qa1 (N)e 2 Ty o (—nt1) Ty j2(nt2) Y (4.48)
- Q12(>\)62a_1J1/2—a(—ntl)J1/2—a(nt2)’Y;1)7 t1 <0, 23>0,
where =, are numbers originating from the coefficients of the power law expansion of the
Bessel functions.
Note that the expression (4.48) has the same algebraic structure as the one derived

for the center-of-mass motion in [9], except that [t|* and |t|'=¢ are replaced by +/|t]|Ja(|t])
and \/[t|J_4(|t]). Demanding that the e — 0 limit should exist results in the condition

Q21(A) = 0. (4.49)

It is exactly the same condition as the one for the existence of a singular limit of the center-
of-mass motion (generically leading to a discrete spectrum for A). Under the assumption
of (4.49) we obtain in the singular limit

QN 1pa(—nt1) 1o _a(nt2) — Qu1(N)J1ja—a(—nt1)J,1/2(nt2)
Clin,to) = v=hits WIV—=tiJo—172(=nt1), vV —t1J1j2-a(—nt1)] ’

t < 0, to > 0. (4.50)

The matching conditions across the singularity can now be derived rigorously by construct-
ing two independent solutions to (4.1). Note that all the information necessary for such
construction is encoded (cf. (4.3)) in the “compression factor” given by (4.50). A convenient
shortcut for this procedure is to recall the representation (2.19) of C(t1,t2) in terms of two
arbitrary independent solutions f(¢) and h(t), and to read off the corresponding singular
limit of the two solutions directly from (4.50). Writing Q11(\) = ¢ and Qa2(\) = —1/¢, we
obtain as a basis of solutions,

Yl(t) = \/__tJa71/2(_nt)7 YQ(t) = \/—_tJ1/2,a(—7”Lt), t <0,
Yl(t) = q\/ZJa_l/g(nt), Yg(t) = —%Jl/g_a(nt), t > 0. (4.51)

5 The singular limit for the entire string

As we have seen in the previous section, for kA > 0, consistent propagation of the string
center-of-mass across the singularity guarantees that all excited string modes also propagate
in a consistent fashion. This is not sufficient, however, to define a consistent evolution for
the whole string, since even small excitations of higher string modes can sum up to yield
an infinite total energy [1]. As we shall see below, the condition of finite total string energy
(after the singularity crossing) turns out to be very restrictive.

The total string excitation energy can be conveniently expressed in terms of the Bo-
goliubov coefficients for the higher string modes. To compute the latter, we shall form two
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different bases of solutions from (4.51) corresponding to purely positive and negative fre-
quencies at large negative and large positive times. More specifically, using the asymptotic
expansion for the Bessel functions

2 T m
~ 4 — - — = 1
Jia(z) Uﬂxcos (xZFQQ 4), x — 00, (5.1)
we construct

Gr|_ i —expl(iam/2 — i /4) exp(—ian/2 —in/4)
by sin(am) |exp(—ian/2 4 in/4) —exp(ian/2 + in/4)

Yi(t)
Ya(t)

such that,

¢y (t) ~ \/gexp(int), bq (t) ~ \/%exp(—int), t — —o0. (5.3)

Analogously, we introduce

[¢1+] i [exp(—iom/2+i7r/4) Pexplion/2 +in/4) | |Yi(t)

winl 69

o |~ —explian/2 — in/4) —qexp(—iam/2 — ir /4)

~ gsin(an)
such that

o7 (t) ~ \/%exp(int), b5 (t) ~ \/%exp(—int), t — +o0. (5.5)

The two bases are related by a matrix made of Bogoliubov coefficients «,, and (,:

gb;r | @n Bn QSI
Ls;] - [B;i a;;] M >0

For the Bogoliubov coefficients, we obtain the following expressions, independent of n:

1+ q2
_ 5.7
on 2¢sin(ar)’ (5:7)
_exp(—ima) + ¢exp(iTa
On =1 ( ) ( ) (5.8)

2¢ sin(a)
Here, @« = /1 —4kA/2. The total mass of the string after crossing the singularity is

given by [1]
M = " n|B[>. (5.9)

Since the 3, are n-independent, M can only be finite? if 3, = 0 for all n. For kXA > 0,
this cannot be achieved, since 0 < o < 1/2 and q is real. (For k& = 0, which is the case
of the “lightlike reflector plane” of [11], all 3, will vanish if ¢> = 1, which is satisfied
automatically for any reflection-symmetric (\).)

In general, one needs the uniformity of the ¢ — 0 limit of 8, with respect to n in order to analyze
infinite sums as in (5.9). As remarked at the end of section 4.3, our considerations allow to draw immediate
conclusions on the existence of the limit, but not on its uniformity. However, since M is a sum of positive
numbers, it is obvious that it will diverge when the (3, approach an n-independent non-zero value (in
the € — 0 limit), irrespectively of whether this approach is uniform in n. For that reason, no further
considerations are needed to draw our conclusions.
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6 Discussion

Before we recapitulate our main results, it shall be appropriate to make two observations.

First, one can ask what kind of cosmological singularities gives rise, when the Penrose
limit is taken, to the plane wave singularities we have been considering. According to [7],
if one starts with isotropic homogeneous cosmology of the type

ds? = —dt® + t*"daida’, (6.1)

and performs a Penrose limit, one obtains a plane wave of the form (1.1)—(1.2) with

h
RA= T (6.2)
Thus, positive values of kX correspond to positive h, i.e., Friedmann-like Big Bang sin-
gularities, and negative values of kA correspond to negative h, i.e., an infinite-expansion
rather than an infinite-contraction singularity (“Big Rip”).
Second, the dilaton field (discussed in more detail in appendix B) in the backgrounds
of the type (1.1)—(1.2) takes the form [2]

dkA
¢:¢O+CX++TIDX+ (63)

If k) is negative, this expression blows up near X+ (and so does the string coupling) posing
a serious threat to the validity of perturbative string theory, and of free string propagation
as zeroth order approximation thereto.

For this reason of limited validity of the free string approximation when kX < 0, we
have paid relatively little attention to this case. What we could see is that, generically, it
is hard to make excited string modes propagate consistently across the singularity (though
it may still be possible to arrange such propagation by means of a judicious choice of
the resolved profile (n) of the plane wave). The issue, however, cannot be competently
addressed within perturbative string theory on account of string coupling blow-up. Our
considerations can be seen as a motivation to study these backgrounds in the context of
non-perturbative matrix theory descriptions of quantum gravity (the Matrix Big Bang case
of [4] corresponds to the 11-dimensional analog of the plane waves we have been considering
compactified on a light-like circle with k taken to —oo [5].). Some steps in this direction
have been taken in [5]. (Alternatively, one could try to construct plane wave backgrounds of
the type (1.1)—(1.2) where the curvature of the metric is compensated by non-zero p-forms,
rather than the dilaton, thus avoiding the dilaton blow-up problem.)

For the case of positive kA, i.e., those plane waves that arise as Penrose limits of
Friedmann-like cosmologies, it turns out that individual excited string modes propagate
consistently across the singularity, whenever the center-of-mass of the string does. In those
cases, the dilaton (6.3) is actually very large and negative near the singularity, and one
can expect that free strings are a good approximation as far as propagation across the
singularity is concerned (the string coupling is small in the near-singular region). However,
for free strings, we find it impossible to maintain a finite total string energy after the
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singularity crossing, provided that the (scale-invariant) singularity is resolved in a way
that does not introduce new dimensionful parameters. The only way out appears to be to
allow hidden scales buried at the singular locus* (even though the space-time away from
the singularity is scale-invariant). To contemplate the possible physical origins of such
dimensionful scales is an interesting pursuit, outside the scope of the present publication.

Another relevant consideration would be the propagation of strings across plane wave
singularities stronger than 1/(X*)2. Unfortunately, at present, little can be said about
this case, even for the center-of-mass motion.
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A Divergences for the case of the inverted harmonic oscillator

As remarked in section 4.4, for the case of kA < 0 (inverted harmonic oscillator),
divergences may arise in the evolution of excited string modes. These divergences may be
seen via a blunt application of (4.5), but it will be more instructive to make their algebraic
structure more explicit.

To this end, we shall derive a slightly different representation for the total “compression
factor” in place of (4.5). One can start by rewriting (2.19) as

C(tr,t2) = ﬁ <f(t1) h(t1)> <_01 (1)> <£EZ§> (A1)

For any two sets of solutions {f,h} and {F, H}, the following relation holds:

h(t) W[F,H| \Wh,H] -Wh,F|] \H(t) ) '
One can then take four sets of solutions: one approximated by
{V—tJo(—nt),/—tJ_o(—nt)} in region I, two approximated by {Yi_(t/e),Ya_(t/€)}
and {Yi4 (t/€), Yo, (t/€)} in region II, and one approximated by {v/tJ,(nt), VtJ_o(nt)}

in region III. One can then start with (A.1) written with the first of these four sets of
solutions. In this representation, the functions featured in (A.1) are easily evaluated at

4If arbitrary resolutions, more general than (1.4), are allowed, for a given string mode, one should be
able to reproduce (virtually) any matching conditions. This can be seen by assuming a particular form
of solutions to the harmonic oscillator equation describing string propagation, and then reconstructing the
plane wave profile necessary to produce this assumed motion. However, it is non-trivial to fit matching
conditions for the entire tower of string modes in a particular geometrical resolution. For example, it is not
obvious whether the matching conditions postulated in [2] should have any geometrical interpretation at all.
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t1 < 0, but not at to > 0. One then consecutively applies (A.2), (3.7) and (A.2) again to
insert the remaining three sets of solutions, with the Wronskians in (A.2) being evaluated
at the boundaries of sub-regions. In the resulting expression, all the four sets of solutions
occur only with the values of the arguments for which we have convenient approximations
to these solutions, and the total compression factor can be evaluated. As a matter of fact,
this is simply another way to write (4.5).

The divergent contributions to the total “compression factor” can be identified with
particular Wronskians emerging from (A.2), when one constructs the total “compression
factor” with the procedure outlined in the previous paragraph. For example, at the bound-
ary of regions I and II, the following Wronskian occurs:

WIV=tJ_a(-nt), Yo (t/e)] (A.3)

t=—te

The leading terms of both functions featured in the Wronskian are proportional to [¢|'~%,
and therefore cancel by virtue of antisymmetry of the Wronskian. However, the sub-leading
contributions have a different functional form and do not have to cancel. For example, for
a > 3/2, one may consider the contribution from the first sub-leading power-law correction

to the Bessel function, and the leading term in Y5_. This term is proportional to
WP, e =) ~ 172, (A.4)

and furthermore it is not accompanied by any powers of € in the total expression for
C(ty,t2). For that reason, evaluating this term at ¢ = —t. and taking the ¢ — 0 limit will
produce a divergence.

B Background consistency and the singular limit for the dilaton

As we have seen in the course of main exposition, consistent free string propagation turns
out to impose extremely stringent constraints on the treatment of scale-invariant dilatonic
plane wave backgrounds. For that reason, it was not crucial for our picture to explore fur-
ther conditions arising from supergravity equations of motion imposed on the background.
However, for methodological completeness, we shall present considerations for the singular
limit of the dilaton field, and examine how this condition combines with propagation of
individual string modes. These derivation will not have much bearing on the outcome of
the analysis in the main text, but they may be useful for pursuing various modifications of
our present set-up.

If a time-dependent dilaton is used to support the curvature of the metric (1.1)—(1.2)
in the context of string theory, the condition for conformal invariance of the world-sheet
theory is given by [2]

R, =—-2D,D,¢. (B.1)

We shall impose this equation for all X+ in the resolved plane wave profile, and then
examine the singular limit of the solutions for the dilaton. This is in contrast to the
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approach in [2], where the background consistency conditions at the singular locus were
not discussed. The condition for conformal invariance (B.1) leads to the equation

B1) = — 2% 0(t/o (B2)

for the dilaton where d is the number of transverse dimensions X*. We want to consider
the limit € — 0 of the solution ¢ to this equation. In order for this limit to exist, the regu-
larization €2 will have to fulfill extra conditions. Since, in the singular limit, the space-time
is regular away from X+ = 0, we can construct a solution ¢(t) to the left of the singularity
and another solution ¢(t) to the right. The requirements for the singular limit of ¢ to exist
then reduce to demanding that the jumps in ¢(¢) and in its first derivative qﬁ(t) are finite:

ta . to ta
Ap= | (t)dt = [t¢(t)] - / t(t)dt (B.3)
t1 t1 t1
. te A\d [te/e
= [ub(t)L +5 1€ (n)dn (B.4)
1 tl/e
and . o/
. 2 \d Ad €
Thus, Aé can only be finite if
+oo
/ Q(n)dn = 0. (B.6)

If that is the case, the first term in (B.4) is automatically finite, and we are left to demand
finiteness of the second term
tQ/E

lim nQ(n)dn < oo. (B.7)
e—0 t1 /e

If Q is even and satisfies (1.5), this second condition is automatically satisfied.

B.1 An explicit example

We would now like to show that it is possible to combine the finite dilaton condition (B.6)
with consistent propagation of individual string modes. Given the considerations in the
main text, this translates into finding €(n) such that (B.6) is satisfied and, in addition,

2
ﬁ—ngwm AQY (1) = 0 (B3)

has a solution approaching Y (1) o n'~¢ for n — +o00. We shall apply inverse reconstruction
to (n), assuming some shape of this solution and adjusting it so as to satisfy

Y ()
/_OO Yn) dn = 0. (B.9)

This “inverse reconstruction” technique is generally useful for contemplating qualitative

properties of various plane wave profiles in relation to the singular limit.
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B.1.1 No-go theorem for Y (n) without zero crossings

In constructing an appropriate Y (n), it is important to decide whether it should have zeros.
If Y has no zeros, Y'/Y is regular everywhere, and we can rewrite (B.9) as:

Ty o [Y'()]T® [T YR(n)
| o= [Y@)L*/m V2 (B.10)

We now use Y () oc '~ for n — +o0, yielding

+oo Y/I(n) - +oo Y/2(77)
[ v o=/ v o (B.1)

Therefore, if Y has no zeros, it is impossible to construct an €(n) that integrates to

zero. One must permit zeros (say Y (n;) = 0), and it is necessary to have bending points
(Y"(n;) = 0) at the same locations due to (B.8). We will aim at constructing a symmetric
), assuming that Y is symmetric and restricting our analysis to 7 > 0, and we will look
for Y that has only one zero for n > 0.

B.1.2 Piece-wise construction of solution

We will now prove that it is possible to construct an €2 that integrates to zero for a Y
that has one zero-crossing. 2 can be made arbitrarily smooth but for the simplicity of the
proof we will allow €) to have discontinuities. The main idea is to split the contributions
to the integral

/000 Q(n)dn, (B.12)

into two parts, separated by 1 = ns. The part

/OO Q(n)dn, (B.13)

M

will be chosen to be always positive. Then we prove that the contribution

/0 ™ ), (B.14)

can be made equal to any negative number while keeping the n > n,s region intact. There-
fore the total sum (B.12) can always be taken zero by adjusting the n < nys contribution.
We rewrite equation (B.8) as

1 YI/
N=——— B.15
= (B.15)
and we take a piecewise Y (n) (with a continuous first derivative),
Yi(n) — v <1 <1
Y () = { (B.16)
Ya(n) 0l > nar-

The function Y53 is fixed throughout our considerations, and we demand that it asymptotes
to the subdominant solution for large n: Yo — n'~® with 2a = 1 + /1 — 4\. As mentioned
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0 M n

Figure 2. Piece-wise construction of Y ().

above, because of the denominator Y in €2 there needs to be a bending point for each
crossing of the n-axis. Yy'/Ys is negative everywhere at n > nys. The splicing point 7, is
taken to be a minimum, and we demand that Yi(nas) = Ya(nar) = Y(nar). We take the
following ansatz:
4 2
i) = (€ - vonn) (- -2 ) €. (B.17)
UsYs UNYs
A pictorial representation of our assumed solution is given on figure 2. Due to the piecewise
construction of Y it is clear that [ Q(n)dn consists of a separate Y7 and Y» contribution.
The contribution of Y5 (i.e., - fncj\i Yy’ /Yodn) will always be positive. It remains to be proven
that Y7 can contribute an arbitrarily negative value for fixed Y () and ny,. With ny > 0
and A > 0, this is equivalent to asking that

1 2

32 — 1

/ — ’ —dy (B.18)
0 Y = 2Y" T Tv i)

can be set equal to an arbitrarily positive number. We know that Y (ny;) < C < 0, since
Y7 should not cross the n-axis and n = 1y is a minimum. First, if C' = Y (n,/), the integral
above is 0. Then, for C — 07, with 6 = —C/(C' =Y (nar)) > 0, we find in the limit of 6 — 0:

1 2
3y —1 T
— 2 "y~ ——. B.1
/0 Yt —2y% — 5 2v/26 (B-19)

For C — 0 or § — 0 this becomes arbitrarily large and positive. As a consequence (B.14)
can be made equal to any negative number (between 0 and —oo), and (B.6) can be

satisfied by appropriately adjusting Yi(n).
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1 Introduction

According to the AdS/CFT correspondence [1], type IIB string theory on global AdSs x S°
with N units of five-form flux,
Gs = N, (1.1)
S5
is dual to N = 4 super-Yang-Mills (SYM) theory on R x S3 with gauge group SU(N).
The string coupling g, is related to the Yang-Mills coupling gya by 4mgs = 9%(1\/[’ while the
radius of curvature Raqgs of both AdSs and S° is given in terms of the string length I, by

RidS 2
? = gy V. (1.2)
The Poincaré patch of AdSs x S° with N units of five-form flux appears as the near-
horizon limit of N coincident D3-branes. It is dual to N’ = 4 SYM theory on R3. This
is an example of geometric transition [2, 3|, where a spacetime with a number of branes
(measured by the flux through a cycle surrounding the branes) is dual to a spacetime
without branes but where the cycle has become non-contractible (the branes having been
replaced by flux through the topologically non-trivial cycle). Since the D3-branes are BPS,



they can be separated and placed at arbitrary positions in the dimensions transverse to
their worldvolumes — such configurations correspond to the Coulomb branch of N' = 4
SYM theory on RY3. D3-branes in AdSs x S® act as domain walls, separating regions that
differ by one unit of five-form flux (and thus have different radius of curvature). If one
wanted to decrease the five-form flux by one unit, one could send one of the D3-branes to
infinity; similarly, to increase IV, one could send in parallel D3-branes from infinity. Near-
horizon limits of certain Coulomb branch configurations of D3-branes have been shown to
lead to specific deformations of AdSs x S° [4].

N = 4 SYM theory on R x S3 does not have a Coulomb branch: it is lifted by the
conformal coupling of the scalar fields to the curvature of the S, which effectively makes
those scalars massive. This is consistent with the fact that global AdS cannot be obtained
as the near-horizon limit of parallel D3-branes. However, D3-branes can still be used to
increase the five-form flux N: a spherical D3-brane sent in from infinity is a domain wall; it
will dynamically shrink and annihilate, leaving behind an AdS5 with one more unit of five-
form flux. The fact that a spherical probe D3-brane shrinks is not simply a consequence
of it having a tension, since, in the regime of large radius, the leading effect of the tension
(proportional to the fourth power of the radius of the D3-brane) is cancelled, because of
a BPS relation between D3-brane tension and charge, by a compensating effect due to
the four-form potential. Rather, it is a subleading quadratic potential that causes the
shrinking [5, 6]. The counterpart in the dual gauge theory is the quadratic potential due
to the conformal coupling of the transverse scalar fields.

With the standard supersymmetric boundary conditions, AdSs x S° is stable. It is
known, though, that a modification of the standard boundary conditions can introduce
instabilities, allowing AdSs x S® to tunnel into a cosmological spacetime with a big crunch
singularity, i.e. a spacelike singularity reaching the boundary of AdS in finite global time [7].
In the dual gauge theory, the modification of the AdS boundary conditions corresponds to
adding an unstable double trace potential to N' = 4 SYM, allowing operators to become
infinite in finite time [8-11]. The aim of the present paper is to provide a D3-brane
interpretation of this instability. We will show that with modified boundary conditions,
a spherical probe D3-brane feels a negative quartic potential in addition to its positive
quadratic potential. As a consequence, AdS can nucleate spherical D3-branes that are

1 Every spherical D3-brane that is

subsequently stretched to infinite size in finite time.
nucleated and stretched to infinity leaves behind a spacetime with one less unit of five-form
flux, which is thus more strongly curved than the original AdS. In a gravity approximation
(which in reality breaks down when the radius of curvature becomes of order the string
scale), the result is a big crunch singularity.

Recently, a similar duality has been proposed between AdS; compactifications of M-
theory or type ITA string theory and ABJM theory, an N' = 6 superconformal U(N) x

U(N) Chern-Simons theory with opposite levels k and —k, respectively [13]. An unstable

Tn the context of the AdS/CFT correspondence, it was shown in [12] that a closely related effect
develops for non-supersymmetric spherical branes violating the BPS bound. In our present situation, the
branes classically saturate the BPS bound and the repulsive force is generated by quantum corrections
sensitive to the boundary conditions.



triple trace deformation of ABJM theory was studied in [14]; as in [7], the corresponding
boundary condition in the bulk AdSy allows smooth initial data to evolve into a big crunch
singularity. We will show that this instability corresponds to spherical M2-branes or D2-
branes being stretched to infinity in finite time, due to a potential generated by the modified
boundary conditions.

In [8], a double trace deformation of N' = 4 SYM was used to obtain a dual field
theory description of a big crunch singularity, and an attempt was made to use self-adjoint
extensions to evolve the system beyond the big crunch. This model is now understood
not to be under good computational control, though, and a new proposal in the context
of ABJM theory will appear in [15]. Our present work shows that finding a consistent
self-adjoint extension amounts to specifying what happens when spherical D-branes are
stretched to infinite radius in finite time. While at present it is unclear what can be
learned from this new perspective, we hope that it will turn out to be useful in addressing
these hard questions. Simpler systems for which our results may be useful are the hairy
black hole solutions of [16], which are dual to stable multi-trace deformations and should
be related to spherical D-branes with finite radius.

This paper is organized as follows. In section 2, we study spherical probe D3-branes
in global AdSs x S® with modified boundary conditions. In section 3, we do the same for
spherical probe M2-branes or D2-branes in global AdS4 compactifications. In appendix A,
we compute brane potentials in Poincaré coordinates, which supplement the computations
in global coordinates in the main text.

2 D3-branes in AdSs X S°

In this section, we study spherical D3-branes in global AdSs x S°. This theory allows
a consistent truncation to five-dimensional gravity with a negative cosmological constant
coupled to a single scalar field [17]. This scalar field corresponds to quadrupole deforma-
tions of S° and saturates the Breitenlohner-Freedman bound [18]. We will compute the
D-brane effective potential as a function of the boundary condition on this bulk scalar field.
Specifically, we will focus on boundary conditions corresponding to a classically marginal
double trace deformation of N'=4 SYM theory.

In the Feynman diagrams of interest, the D-brane emits a virtual scalar particle, which
then interacts with the boundary before being reabsorbed by the D-brane. To compute such
diagrams, we need two main ingredients: the coupling of the D3-branes to the bulk scalar
field, and the effect of the boundary condition on the bulk scalar field. The coupling can
be obtained from the well-known D-brane action and from the consistent truncation ansatz
expressing the ten-dimensional bulk fields in terms of the five-dimensional metric and scalar
field. The effect of the boundary conditions can be computed in two different ways. On
the one hand, a modification of the boundary condition corresponds to adding a boundary
term to the bulk action, which gives rise to a (quadratic) vertex that should be included
in Feynman diagrams. The advantage of this approach is that it extends to non-linear
boundary conditions (such as the ones we will study in section 3). On the other hand, the
(linear) boundary conditions we are focusing on in this section can be fully taken into ac-
count by using a modified propagator for the scalar field. This approach has the advantage
that it effectively resums diagrams with arbitrarily many boundary vertices inserted.

-3 -



From the point of view of the full string theory on AdSs x S°, one might wonder
whether it is sufficient to compute the effective potential in the truncated five-dimensional
theory. In particular, spherical D3-branes can also emit and reabsorb many other fields,
which are not described by the consistent truncation. The point is, however, that only the
bulk scalar field of the consistent truncation is directly affected by the modified boundary
conditions: contributions from emission and reabsorption of other fields are the same as
in the standard supersymmetric theory. For our purposes, it is therefore justified to work
within the framework of the consistent truncation.

In section 2.1, we review the basic setup, in particular the relation between modified
boundary conditions in AdS and unstable double trace deformations in SYM. In section 2.2,
we use the consistent truncation ansatz to determine the couplings of a spherical D3-brane
to the bulk scalar field of interest. In section 2.3, we compute the propagator of the
bulk scalar field, for standard as well as modified boundary conditions. In section 2.4, we
compute the D-brane effective potential in the two ways described above. In section 2.5,
we use the Coulomb branch solutions of [4] to provide additional evidence that the big
crunch singularity in the supergravity solutions of [8] is due to branes being pushed to the
conformal boundary of AdS.

2.1 Setup

Type IIB supergravity compactified on S® can be consistently truncated to five-dimensional
gravity coupled to a single SO(5) invariant scalar ¢ [17]. From the ten-dimensional point of
view, ¢ arises from an SO(5) invariant quadrupole distortion of S°. The bulk action reads

V. R 1
S:%/d‘:’x\/—_g[——— L00H o +

(15¢27% +10e” 1% —e710%) | | (2.1)
k1o 2 2

4R35
where v = /2/15, 2k}, = (2m)7a* g2, and Vgs = 73 RY 44 is the volume of the internal man-
ifold. The potential reaches a negative local maximum when the scalar vanishes; this is the
maximally supersymmetric AdSs state, corresponding to the unperturbed S° in the type
1IB theory. At linear order around the AdS solution, the scalar obeys the free wave equa-
tion with a mass that saturates the Breitenlohner-Freedman [18] bound? m? = —4/R3 jq.
With the usual supersymmetric boundary conditions, AdSs is stable.
In global coordinates, the AdSs; metric takes the form

2 r? 2 dr? 2 102

ds® = — {1+ =5 dt* + ——— +r°dQ3. (2.2)
R3as 1+ —

RAdS

In all asymptotically AdS solutions, the scalar ¢ decays at large radius as

a(@)n(rp) | Bw)

r2 r2

o(z,r) = (2.3)

Throughout this section, we denote the five-dimensional bulk coordinates by (7, z), where

x collectively denotes the time and three angular coordinates. The arbitrary scale pu,

’In d + 1 dimensions, mp = —d?/(4R345)-



necessary to define the logarithm, will be chosen to be = 1/Ragqg for most of this section
(we will comment on this after (2.40)). The standard boundary conditions on the scalar
field would set o = 0. This choice preserves the full AdS symmetry group and has empty
AdS as its stable ground state. However, in the mass range mip < m? < mip + 1/R3 9.
one can consider more general boundary conditions of the form [10]

(2.4)

where W () is an arbitrary real smooth function.

We will be interested in scalar field boundary conditions

a(r) = fB(x), (2.5)

where f is an arbitrary constant (for f > 0, smooth initial data can develop a big crunch
singularity [8]). This boundary condition does not preserve supersymmetry and breaks the
asymptotic AdS symmetries to R x SO(4) [19].

To obtain the boundary condition (2.5) from a variational principle, one adds boundary
terms to the bulk action (2.1). To do this in a precise way, we provide an IR regulator
in the bulk by restricting the radial coordinate to 0 < r < A. (Through the UV/IR
correspondence, the location A of the regularized boundary in the bulk will correspond to
a UV cutoff in the dual field theory). The boundary condition av = f3 is obtained from
the boundary term in the variation of the action if we add to the scalar field action (2.1)

Vs 4 f 2
K70 Rads /ad TV bdy [_1 T A+ (M Rass)) | T 20
The first term also appeared in [20] (see also [21]).
The AdS/CFT correspondence states that type IIB string theory on global AdSs x S°
with standard (f = 0) boundary conditions is dual to N' = 4 SYM theory on R x S3.
Because of the conformal coupling to the curvature of S2, which we choose to be of unit

the term

Shdy =

radius, the six adjoint scalar fields ®; of N' = 4 SYM effectively get masses m? = 1.3
According to [10, 11, 20], changing the boundary condition on ¢ to (2.5) with non-zero f
corresponds to adding a double trace potential to the SYM action,

S:%+§/O{ (2.7)

where O is the dimension 2 chiral primary operator dual to ¢,

2 1 ° 2
ﬁ—gzﬁ% (2.8)

1=2

O=cTr

with ¢ a normalization constant of order 1/N (in conventions such that the fields ®;
have canonical kinetic terms). The coupling f in (2.7) is classically marginal but in fact
marginally relevant for f > 0 [10].

3For a d-dimensional boundary, the mass would be m? = %

of §4-1.

Rga-1, where Rga-1 is the Ricci scalar



The duality between type IIB string theory on (the Poincaré patch of) AdSs x S° and
N = 4 SYM theory (on R*) can be obtained by taking a decoupling limit of a system
of coincident D3-branes [1]. In this picture, the eigenvalues of ®; correspond to D-brane
positions, and the double trace potential in (2.7) provides a quartic potential for these
D-brane positions. For f > 0, the potential is unbounded below and sufficiently strong to
push eigenvalues to infinity in finite time. Global AdSs x S°, which is the background of
interest in [7, 8], does not straightforwardly appear as a near-horizon limit of D3-branes.
One could still expect that there should be a similar D-brane interpretation of the unstable
potential in (2.7). It is natural to assume that spherical D3-branes will play a role in this,
as in [5, 6]. The main purpose of the present paper is to make this picture precise by
computing the effective potential felt by spherical probe D3-branes as a function of the

boundary conditions.

2.2 Coupling of the bulk scalar field to spherical D3-branes

The fact that the action (2.1) is a consistent truncation of type IIB supergravity compact-
ified on S® means that with any solution of (2.1) one can associate a solution of the full

type IIB supergravity equations of motion. The lift to ten dimensions is explicitly given
n [22]. Let F = €% (with v defined after (2.1)) and A = F'sin? ¢ + F =2 cos? ¢, where € is
a coordinate in terms of which the metric of the unit sphere would read

dO2 = dg* + sin? £dQ (2.9)
with 0 < & < 7. The full ten-dimensional metric is
ds?y = AYV2ds? + R3 4g | FAAY2de? + FY A2 sin? gdai] : (2.10)

The self-dual five-form G5 = G5 + xG5 is determined by

Gs = — €5 + 6Raqs siné cos EF L s« dF A dE, (2.11)
Rags
where we have denoted
U=—-3F?sin¢ + F P0cos?¢ — F~* —4F " cos®¢. (2.12)

In (2.11), €5 and * are the five-dimensionals volume-form and dual.

To compute the coupling of a spherical D3-brane to the scalar field ¢, we consider a
probe D3-brane in the ten-dimensional lifted solution. In our computation of the effective
potential for the D3-brane radius, we will only need the source term for the bulk scalar,*
so we work in a linearized approximation of the coupled scalar-gravity system about the
AdS background. The action of the probe brane is

Sps = Sppr + Swz = —73/d4:6\/ ~G+ 13 / 6'4, (2.13)

“To compare with the deformation (2.7) of SYM, we will also need the kinetic terms for the scalar fields

on the D3-brane world-volume.



where G is the determinant of the pull-back of the ten-dimensional metric to the D3-brane
world-volume and dCy = G5. The tension and charge are given by 73 = sz = \/7/k19. In
the static gauge, the Dirac-Born-Infeld action includes the terms

1 1 . .
SpBI = —Tg/d4m\/—g [1 — 5y <COS2 £ — E sin? §> + 59@&%@“#} , (2.14)

where g is the determinant of the pull-back of the five-dimensional metric g,,, to the four-
dimensional world-volume, the index a labels the four coordinates along the D3-brane
world-volume, the index 7 runs over the six transverse dimensions, and v = /2/15 was
introduced in (2.1). We rewrite the Wess-Zumino action as an integral over the five-
dimensional volume enclosed by the D3-brane

Swz =p3 | Gs= 13 /d5x\/—_g [4 — 10y¢ <C082 £ — lsin2 5)] , (2.15)
Vs Raas 5

where g denotes the determinant of the bulk metric. From (2.14) and (2.15), we read off

the sources of the bulk scalar field.

We choose the bulk geometry to be AdSs in global coordinates (2.2), so that v/—¢§ =
r3[1 + TQ/RidS]l/Q\/@ and \/—g = r3,/ggs, and specialize to a spherical D3-brane of
radius R in AdSs that is localized at a point on the S°. By z we collectively denote the
time coordinate and the coordinates on S®. Due to the SO(5) symmetry of the problem,
the location of the brane on S° will only enter the action through the coordinate & on S°
(see (2.9)). We will be interested in D-branes near the conformal boundary of spacetime,

in particular spherical branes with radius R > Raqs, for which the sources J = ﬁ% .
o=
for ¢ reduce to
1
Jpei(r) = 5y 73 <0082§ — Z gin? §> ro(r — R), (2.16)
Raags 5
—10y 13 <COSQ£ — lsim2 f) r<R
Jwz(r) = Rags 5 (2.17)

0 r>R.

In fact, these expressions for the sources are valid not only in a pure AdS background,
but also for branes near the boundary of more general asymptotically AdS backgrounds.
Considering a static, spherically symmetric ansatz

2 —26(r) 2 dr?
ds; = —e f(r)dt= + o)

and solving the equations of motion following from (2.1),

+ r2d3 (2.18)

1

§(r) = —grgpl(r)Q, (2.19)
Pf(r) =24 20(r) =~ [fr)@ () + 2V ()] (220)
70 [0) ()] = 1+ 30 (PV(9) = 3) (221)



we find the asymptotic behavior

,,,.2
fr) ~1+ R (2.22)
ol 1) ~ =5 [a(z) n (ri) + 5(z)] (223
n2 T
5(x,7) ~ éa(x)Ql T(4 m (2.24)

In the limit of large radial coordinate we are interested in, (2.24) will not affect the compu-
tation of the D3-brane effective potential, since it will contribute to subleading order in 1/r.

After computing the effective potential for the D3-brane transverse coordinates, we
will want to compare it with the deformation (2.7) of the dual SYM theory. For that
purpose, it will be useful to relate R and the S® angles to canonically normalized scalar
fields. From (2.14), we can see that, for R > Ragqs, the scalar fields

1 = \/T3RaqsRcos&, ¢o = /T3RaqsR sinfcosQy, ... (2.25)

have canonical kinetic term
Skin = —% / d* 3 0ai0° b; (2.26)
in the coordinate system ® = (f = t/Raqs, (%) with metric
d5® = —dt* +dQ3. (2.27)

To make contact with N’ = 4 SYM, the fields ¢; of (2.25) play the role of eigenvalues of
the fields ®; in (2.8):
®; = diag(¢:,0,...,0), i=1,...,6. (2.28)

2.3 Propagator of the bulk scalar field

We now turn to the computation of the bulk propagator for the scalar field (satisfying the
boundary condition (2.5)). To solve the scalar equation of motion following from (2.1), we

separate variables writing
o(z,r) = eii”tY&m(Q)\If(r) , (2.29)

where Yy (with £ > 0) is the £*® spherical harmonics on S, satisfying
V2:Yy = —L({+2)Yy. (2.30)

Letting a =14 2({ + w) and b = 1+ (¢ — w), and performing the change of coordinates

7,2

V=
R/icls‘"r2

(2.31)

the propagator is constructed from the following two radial solutions [23]. The first solution,

U (V)= (1 -=V)V%F (a,b,a+b; V), (2.32)



satisfies the regularity condition

Sorigin = lim d4w\/§g7"7"(par(p —0 (233)
=0 /o fized
at the origin. (For this solution, the boundary term of the classical action vanishes at the
origin and therefore we do not have contributions to correlation functions of the dual field
theory coming from the interior of the spacetime [23].) The second solution,

Uy (V) = (1 - V)V {5F1(a,b,1;1 = V) [1 + CooIn(1 — V)] + (2.34)

> b

Coe (1= VI DEE D@+ 506+ — 26(1+K) = (o) ~ ¥(b) - 2]}
k=1 ’

where vg denotes Euler’s constant, satisfies the boundary conditions (2.5) defined with the

scale p = 1/Rags, provided that we choose

Co = —g. (2.35)
Combining the two expressions with the appropriate normalization factor, we obtain the

Feynman propagator

2 0
P Ko dw ['(a)T(b) 1
. _ - 2.
Gy, V2!, V') /_oo%;,;f!(%wl— X (2.36)

R34V Coo[¥(a) +1(b) +275]
eiiw(t*t/)}Q’m(Q)Yz,m(Q/) [G(V’— V)WL (V)W (V) +(V-V")(V V’)} .
2.4 D3-brane effective potential

Consider a probe D3-brane extended along a three-sphere with radius R in global AdS5 and
localized at a point in S°. In perturbation theory, the leading contribution to the D-brane
effective potential is obtained by evaluating the D-brane action (2.13) in the AdSsx S® back-
ground. Combining (2.14) and (2.15) and making use of the BPS relationship 73 = pg3, the
leading order terms in the radial coordinate cancel among the two contributions. The term
that survives in the DBI action results in an attractive quadratic potential V' ~ R?, corre-
sponding to the conformal coupling of the massless scalar fields in the dual SYM theory on
R x S3 [5, 6]. This contribution is clearly independent of f, i.e., of the boundary condition
on the bulk scalar field. (Note that AdSs x S° is compatible with the boundary condi-
tions (2.5) we consider. This was not the case for the boundary conditions studied in [6].)

The first contribution that is sensitive to the boundary condition is a diagram in
which the brane emits and reabsorbes a ¢ particle. This diagram involves a ¢ propaga-
tor, which depends on f according to (2.36) with (2.35). Using this propagator and the
sources (2.16), (2.17), we find the following term in the D3-brane effective action:

R
Sefr = %/d‘lx/o dr\/g[Te1(r) + Jwz(r)] x
R
/d4x//0 dr' /g Gy(z,m; ', 7)) [Tei(r') + Twz(r')]

) T??Ii%() 4 i 2 L. o ’
- fﬁV— d*zR" | cos” § — gsm &) . (2.37)
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Using the field redefinition (2.25) and the change of variables that brings the boundary
metric in the form (2.27), we can rewrite the effective potential as

/d% Vert (%) = 3N2 /d‘“ [¢2 - —Z@] . (2.38)

For f > 0, this is a quartic potential that pulls the spherical branes to the boundary of AdS.
This potential agrees with what one would expect based on the dual N' =4 SYM theory.
In particular, it is consistent with the O? structure of (2.7) with (2.8), as well as with the
N-dependence of the deformation. In fact, the computation can be easily generalized to
configurations with more than one brane.

This is the main result of this section, and we could stop here. However, our derivation
crucially relied on the fact that the boundary condition (2.5) is linear, so that it could be
fully taken into account by the modified propagator (2.36). Equivalently, the boundary
term (2.6) is quadratic in ¢, so that its effect can be absorbed in a modification of the
propagator. This class of boundary conditions is very special. In fact, in the next section
we will be interested in a non-linear boundary condition corresponding to a cubic boundary
term and a triple trace interaction in the dual field theory. Therefore, we will now compute
the D3-brane potential in a way that easily generalizes to non-linear boundary conditions.
The idea is to work with the standard f = 0 propagator (corresponding to supersymmetric
boundary conditions) and to treat the f-dependent boundary term in (2.6) as an inter-
action. Then, as illustrated in figure 1, a virtual ¢ particle emitted by a D3-brane can
propagate to the boundary and “feel” the f-dependent boundary interaction before being
reabsorbed by the D3-brane (the effect of the f-independent boundary term is already
accounted for in the f = 0 propagator). In fact, the virtual ¢ particle can interact with the
boundary an arbitrary number of times before being reabsorbed (see figure 2). Our pre-
vious computation, where the effect of the modified boundary condition was incorporated
in a modified propagator, amounts to a resummation of all these contributions (which is
possible for linear boundary conditions but not in more general cases). Let us thus compute
the contribution to the D3-brane effective potential from a virtual ¢ particle interacting
with the boundary a single time. Using the f = 0 propagator (2.36) (with C',x = 0) and
the expressions (2.16), (2.17) for the sources, we find

f VS52 /ad4x /—gbdy/df)xl\/g [jBI(T'/)‘i‘jWZ(T/)] %

Seﬁ =
2 (1 + fln ﬁ) Raaskig

GfO(x/,r/;x,A)/ch”\/ngO(x,A; x”,r'/) [jBI(r/') + jwz(rl/)] , (2.39)

which becomes

/d%veﬁc@ 1+f1]; W/d‘*~ [@——Z@] . (2.40)

The difference between (2.38) and (2.40) is that f got replaced with f/[1 + fIn(A/Raqs)]

(which formally vanishes when the cutoff A is removed). From the point of view of our com-

putations, the difference corresponds to the diagrams in figure 2, with multiple boundary
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Figure 1. A virtual ¢ particle is emit- Figure 2. A virtual ¢ particle emitted by
ted by the D3-brane, interacts with the the D3-brane interacts an arbitrary num-
boundary at r = A and is reabsorbed by ber of times with the boundary before re-
the brane. absorption.

H>COCOC

Figure 3. A two-loop example of factorizable diagrams that survive in the large N limit and
renormalize the coupling f.

interactions — taking them into account will convert f/[1 + fIn(A/Rags)] into f. From
a dual field theory point of view, the difference lies in the scale at which the couplings
are defined (cf. [10]). When expressing the asymptotic behavior (2.3) of the scalar field,
we had to choose a scale u to define the logarithm In (ru), and we chose® p = 1/Raqs,
the scale appearing in the metric (2.2). This scale corresponds to a renormalization scale
in the boundary theory [10]. On the other hand, f/[1 + fIn(A/Raqs)] is the coupling
defined at the UV cutoff scale A/ Rids of the dual field theory. From a large N field theory
perspective, the relation between the couplings at both scales is given by a resummation of
(factorizable) planar diagrams with an arbitrary number of loops — the two-loop diagram
is drawn in figure 3.

2.5 Expanding D3-branes, five-form flux and geometric transition

We have seen that the radius R of a spherical D3-brane in AdS5 with modified boundary
condition (labeled by f) on a quadrupole deformation mode of S® feels a quartic potential.

®If in (2.3) we had left a generic scale i, (2.38) would have read

4~ ~\ f 5772 4~ 2 1 o 2 ’
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For f > 0, this potential tries to blow up the D3-brane to infinite radius in finite time.
For sufficiently small spherical D3-branes, this is prevented by the positive R? term in the
potential, corresponding to the conformal coupling of the SYM scalars to the curvature of
53, For sufficiently large branes, the quartic potential wins and the branes are pushed to
the boundary of AdS5 in finite time.

In which contexts do such large spherical branes play a role? On the one hand, one
could start with a system without them and they could be spontaneously created by quan-
tum tunneling. This could happen, for instance, to the pure AdSs x S° with modified
(f > 0) boundary conditions, which is known to be only meta-stable (we expect the nu-
cleating spherical branes to be closely related to the instanton solutions of [7]). This is
obviously a dynamical process that cannot be described in classical supergravity. On the
other hand, one could consider an initial state with large spherical D3-branes present and
study the time evolution of this state. This is analogous to the point of view taken in [7, 8],
where the interest was in the evolution into a big crunch, not so much in instabilities of
pure AdSs.

To make the analogy between spherical D3-brane evolution and the (super)gravity
solutions of [7, 8] more precise, we have to relate the radius R of spherical D3-branes to the
scalar field ¢ appearing in (2.1). As we shall discuss in section 2.5.1, this was done in [4],
at least for the related system of flat D3-branes and AdS5 in Poincaré coordinates. The
upshot is that configurations that fit in the consistent truncation (2.1) correspond not to a
single D3-brane but to specific distributions of D3-branes, and thus to specific distributions
of radii. So to make contact with the supergravity solutions of [7, 8], we should start with
such a distribution of large spherical D3-branes.

One point that may appear puzzling at first is related to the five-form flux through
the S° in the ten-dimensional supergravity solutions of [8]. A spherical D3-brane acts as
a domain wall, with the five-form flux inside being one unit smaller than the flux outside.
If the big crunch instability in the solutions of [8] corresponds to spherical D3-branes
expanding to infinite size, one might thus expect that at any value of the radial coordinate
r, the five-form flux should decrease as a function of time as spherical D3-branes expand
from radius smaller than r to radius bigger than . However, if we compute the flux through
S® for the solutions of [8], we find that the flux remains constant as the bulk scalar field
evolves in time:

Gs = — / dedQsUA 2 Rigg = 167 gsa” N . (2.42)
S5

A related point is that the solutions of [8] solve the supergravity equations of motion
without any D3-brane sources present. The resolution of this paradox lies in the concept of
geometric transition [2, 3], which relates a situation with D-brane sources explicitly present
to a situation with the D-branes replaced by flux (and the location of the D-branes “cut
out” of the space).® In our spherical D3-brane picture, we considered the shape of the S°
not to change with time and treated the D3-branes as sources; in the solutions of [8], the
D3-branes are not explicitly present, but the shape of the S® changes in such a way that
the would-be locations of the D3-branes are always “cut out” of the spacetime.

50f course, in the present situation, neither description is valid in the regime in which the space-time is
highly curved.
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2.5.1 Relating D3-brane positions with the bulk scalar field

As mentioned earlier in this section, the bulk scalar field ¢ can be related to D3-brane
positions. The near-horizon limit of a distribution o of parallel D3-branes in n transverse
dimensions is given by

6
1 VI
As = = (dt? + dot + dad + da) - VA >yl
i=1
Rias
H = /d”wa e T 243
O=an o

For generic distributions o, this does not fall in the class of metrics (2.10), so generic
D3-brane configurations cannot be described using the consistent truncation (2.1). In [4],
it was shown that specific configurations of D3-branes do have near-horizon geometries
that can be described using the consistent truncation. For instance, an SO(5) symmetric
configuration of D3-branes distributed on a one-dimensional interval of length ¢ according
to 0(&) = 25/0% — |&]? gives rise to the metric

2 4 2 3 P2
9 &1 9 | Raqgdr A’ RR{4s 142 192 2 2
ds — Wids |:dxﬂ + 7«4 F:| + T |:£ d9 —|—C05 9dQ4] N (244)
with
12 (2 2 4 2
A =1+, 3 = 1+ — cos 6. (2.45)

Comparing with (2.10), one finds that in the regime of large radial coordinate, the scalar
field profile is
21

S 2.46
o (2.46)

SD(CU’T) =

with + defined after (2.1). Therefore, the coefficient of the asymptotic fall-off of ¢ is
directly related to the size over which D3-branes are spread out. This conclusion holds for
flat D3-branes and in the Poincaré coordinate system, which appears when taking near-
horizon limits. However, since near the boundary of AdS spherical branes are almost flat
and Poincaré coordinates are a good approximation to global coordinates, we expect the
conclusion to extend to large spherical D3-branes in global AdS.

3 M2-branes in AdS; X S7/Zy

In this section, we study spherical M2-branes in global AdSy x S” and AdSy x S7/Z;,. M-
theory allows a consistent truncation to four-dimensional gravity with a negative cosmolog-
ical constant coupled to a single scalar field [24]. This scalar corresponds to a quadrupole
deformation of the seven-sphere, has a mass that is above the Breitenlohner-Freedman
bound [18] and preserves a subgroup of the full SO(8) symmetry. Along the lines of the
discussion in section 2, we compute the M2-brane effective potential as a function of the
boundary conditions on this bulk scalar field. Therefore, we determine the coupling of the
five-dimensional scalar to M2-branes considering the M2-brane action and the consistent

,13,



truncation ansatz that relates the eleven and four-dimensional solutions. We observe that
the modified boundary conditions correspond to adding a cubic boundary interaction to
the bulk action and we compute the interaction of the M2-brane with the boundary via
this cubic vertex. (Note that, due to the non-linearity of the boundary conditions we will
consider, their effect cannot be absorbed in a modification of the scalar field propagator.)

Specifically, we will consider a class of AdS invariant boundary conditions that corre-
sponds to adding a marginal triple trace deformation to the dual field theory [7, 13, 14]. We
will first discuss M-theory on AdS, x S7, which is obtained as the near-horizon geometry
of M2-branes in flat space and is dual to the £k = 1 case of ABJM theory. Then we will
consider ABJM theory for general k, which corresponds to M2-branes on a Zj orbifold of
C*, which have AdSy x S7/7Z; as near-horizon geometry.

In section 3.1 we review the bulk setup as well as some relevant aspects of ABJM theory.
We identify the deformation that corresponds, according to the AdS/CFT dictionary, to
our choice of boundary conditions. In section 3.2, we use the lift to the eleven-dimensional
solution to identify the coupling of the bulk scalar field to spherical M2-branes. In section
3.3 we compute the propagator for the four-dimensional scalar field (for standard boundary
conditions). In section 3.4, we compute the potential for spherical M2-branes in AdSy x S7.
Finally, in section 3.5, we extend the discussion to M2-branes in AdSyxS”/Z;, and comment
on the 't Hooft limit of the result.

3.1 Setup

M-theory in asymptotically AdSy x S7 spacetimes has four-dimensional SO(8) gauged
N = 8 supergravity as its low energy limit. This theory allows a consistent truncation
to four-dimensional gravity coupled to a single scalar field that preserves an SO(4) x SO(4)
symmetry

V. R 1
S:%/d‘lw\/ﬁ[——— L0t p +

oy 5 5 <2 + cosh(x/iap))} , (3.1)

1

2
RAdS
with 2k%) = @2m)®¢) in terms of the eleven-dimensional Planck length and Vgr=7"*(2Rx4s)73.
The potential has a maximum for vanishing scalar field that corresponds to the AdSy
vacuum solution. Small fluctuations around the the AdS solution have a mass m? =
—2/R3 45, which is above the BF bound (see footnote 2), and therefore the maximally
supersymmetric solution, with the standard boundary conditions, is both perturbatively

and non-perturbatively stable. In global coordinates the AdS4 metric reads

2 r? 2 dr? 2 102
ds“=—(1+ 3 dt® + ———— + r°dQ; . (3.2)
R 14+ =
AdS RQAdS

In any asymptotically AdS solution, the scalar field behavior at large radial coordinate is

o) , Hr)

o(x,r) = . ot (3.3)

where x collectively denotes the time coordinate and the S? angles. The usual boundary
conditions correspond to taking either o = 0 (which can be chosen for any m?) or 8 = 0
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(which can be chosen for scalars in the mass range mjp < m? < myp + 1/R% ig). There
exists however a whole one-parameter family of AdS invariant boundary conditions, i.e.,
boundary conditions that preserve the asymptotic symmetries of AdS spacetime, which
allow the construction of well-defined and finite Hamiltonian generators [19, 25]. The
general class is

B(z) = —ha(z)?, (3.4)

where h is an arbitrary constant [25]. For h # 0, smooth asymptotically AdS initial data
can evolve into a big crunch singularity [7].”

Adding to the bulk action (3.1) the boundary term

Vgr

dey — "9
"‘QllnAdS

2
/dgwm <—%s02 TR h—so4> : (3.5)
9 3 2
the boundary condition (3.4) follows from a variational principle. As in section 2.1, we
have introduced a regularized boundary 0 in spacetime, located at r = A.

M-theory in asymptotically AdS; x S7 spacetimes with 3 = 0 boundary conditions is
dual to the three-dimensional superconformal field theory that describes the low energy
dynamics of coincident M2-branes. In [13], Aharony, Bergman, Jafferis and Maldacena
(ABJM) proposed a specific three-dimensional ' = 6 superconformal U(N) x U(NN) Chern-
Simons-matter theory with levels k£ and —k as the world-volume theory of N coincident
M2-branes on a C*/Z;, singularity. Besides the two U(NN) gauge fields A and A, the theory
contains scalar fields Y4, A = 1,...,4, transforming in the fundamental representation of
the SU(4)r R-symmetry group and in the bifundamental (N, N) of the gauge group. The
Hermitean conjugate scalar fields YAt transform in the anti-fundamental representation of
SU(4)g and in the (N, N) of the gauge group. The action reads

Sy = / Pz [%e“bcTr <Aa8bAc + %AaAbAc — A0 A, — %AGAI,AC>

7

—Tr(DaYA)TDaYA + Vhos -+ terms with fermions] , (3.6)

where Vj,os 18 a sextic potential for the scalars and we will not need the fermion fields
explicitly in the following. The bulk setup we considered in this section corresponds to the
case k = 1, for which the transverse space to the M2-branes is simply R®. We will discuss
Chern-Simons level k£ > 1 in section 3.5. In ABJM theory on R x S?, the four complex
scalars Y4 effectively get mass m? = 1/4 due to the conformal coupling to the curvature
of the S? (which we choose to have unit radius; see footnote 3). The boundary condition
3 = —ha? corresponds to adding a marginal triple trace deformation to the boundary action

h
Here, O is the dimension one chiral primary operator

O=cTr (Ylyj + Y2y - vy - Y4Y4T> , (3.8)

"The sign of h is irrelevant, as it can be changed by redefining ¢ — —.
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which preserves the same SO(4) x SO(4) subgroup of SO(8) as the bulk scalar ¢ in the con-
sistent truncation. The constant ¢ in (3.8) depends on the two dimensionless parameters
N and k in a way that we will determine in section 3.4.

Taking the decoupling limit of a system of coincident M2-branes in eleven-dimensional
flat space, we observe that the world-volume field theory of ABJM with k = 1 has a dual
gravitational description in terms of M-theory on AdS, x S”. In this description, the eigen-
values of the four complex scalar fields Y4 and of their Hermitean conjugates correspond
to M-brane positions in the transversal space as in the case of N'=4 SYM (see section 2.3
of [13] for a discussion, and [26] for more details). The deformation (3.7) provides a sextic
potential for these positions that is unbounded below and above, whatever the sign of h.
This potential is sufficiently strong to make the eigenvalues become infinite in finite time,
corresponding to M2-branes reaching the conformal boundary of AdS in finite time. In sec-
tions 3.4 and 3.5, we will obtain the effective potential of spherical M2-branes as a function
of the boundary conditions in the bulk and show that it matches the deformation (3.7).

3.2 Coupling of the bulk scalar field to spherical M2-branes

The lift of the four-dimensional solution of (3.1) to eleven-dimensional supergravity is given
in [27]. Letting F' = e?/VZ and A = F cos? 6+ F~ ! sin? 0, the full eleven-dimensional metric
and four-form read

ds?, = A¥3ds? + 4R i [AQ/%Z@? + A3 <F sin® 003 + F~ cos? adﬁgﬂ . (3.9)

Fy =

- €4+ 8Rpaqgsinfcos OF L« dF N df, (3.10)
Raas

with
U=-2—F%*cos?0 — F%sin’4. (3.11)

We have chosen coordinates in terms of which the unit seven-sphere metric would read
dQ2% = db? + sin’ 0d3 + cos® 0dQ3 (3.12)

with 0 < 6 < 7 and, in (3.10), €4 and * are the four-dimensional volume-form and dual.

We want to repeat the procedure we carried out in section 2.2 and consider a probe
M2-brane in the eleven-dimensional lifted solution to determine its coupling to the bulk
field ¢. The action of the probe brane is

Swyre = Sper + Swz = —72/d3x\/5+ Mg/ég, (3.13)

where (3 is the determinant of the pull-back of the eleven-dimensional metric to the M2-
brane worlvolume, dCy = Fy and where, for convenience, we have split the M2-brane action
in analogy with the conventional notation for D-brane actions . The tension and charge
are 7o = [ty = 27T(27T€p)_3. In the static gauge and to linear order in ¢, the “DBI” part of
the action reads

1 1 . .
SppI = _7—2/d3g;\/—g [1 + %gp (cos2 0 — sin® 9) + igij(?axzﬁa:ﬂ] ) (3.14)
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where g is the determinant of the pull-back of the four-dimensional metric g, to the
three-dimensional world-volume, the index a labels the coordinates along the M2-brane
world-volume and the index ¢ runs over the eight transverse directions. The Wess-Zumino

action is

Swz = H2 / d*z/—g [3 + \/54,0 ((:os2 0 — sin? 0)] , (3.15)
Vi

expressed as an integral over the four-dimensional volume enclosed by the M2-brane. Here
g denotes the determinant of the bulk metric.

Choosing the bulk geometry to be AdSy in the global coordinates (3.2) and specializing
to a spherical M2-brane of radius R that is localized on S7, the sources for the scalar

field ¢ are
1
JpBi(r) = — RT2 —2(0082 6 —sin?0)ré(r — R), (3.16)
AdS
12 L(cos2 6 —sin’f) r <R
Jwz(r) =< Rads V2 - (3.17)
0 r>R.

To interpret the result we will obtain for the effective potential in the language of ABJM
theory and compare it with the deformation (3.7), we introduce canonically normalized
scalars on the conformal boundary of metric d3? = —dt* + dQ%. The relation between these
scalars and the M2-brane radius R and S7 angles is

P1 = 2RpaqsV/ 1o RcosOcosQy, o = 2Rpaqs5V/ TR cos 0sin 1 cos o,
¢5 = 2RpqsV/m2RsinfcosQy,  ¢g = 2Rpaqs\/ 72 RsinfsinQycosQ5, ... (3.18)

as can be seen form (3.14). Complex combinations of these fields will correspond to eigen-
values of the fields Y4 appearing in (3.6).

3.3 Propagator of the bulk scalar field
To compute the propagator for the field ¢, we follow again [23] and separate variables as
o(z,1) = e Y (Q)U(r), (3.19)

where the spherical harmonics satisfy V%,Y; = —((€+1)Y;, with £ > 0. The radial solution
that is regular in the interior, in the sense of (2.33), is

1
U (V) =1 -V)V%,R <a, b,a+b— X V> . (3.20)
The propagator is constructed from (3.20) and the radial solution with asymptotic behavior
\IJQ(V):(l—V) 1% o Fy a—i,b—i,i;l—v + K oF a,b,i;l—V R

(3.21)
in terms of a coefficient K, that implements the specific choice of boundary conditions.
The standard supersymmetric choice § = 0 sets Ko = 0. In (3.20) and (3.21), we have
again denoted a = 14+ 3({ + w), b=1+ 2({ —w) and V = r?/(R3 45 + r°).

,17,



Combining the two solutions above with the appropriate normalization factor, we
obtain the Feynman propagator

-hroe-4%y ...
G V- / V/ H;ll / (Z ) 2 —zw(t—t) 3.99
r(@,Vial, V') = " RaasVer Z — 2/al(a+b— L° 8 (3.22)

Yo () Yo () [a(v — V)T (V)W (V!) 4+ 0(V = V) (V V)]

3.4 M2-brane effective potential

In this section, we compute the effective potential for the radial coordinate R of a probe
M2-brane that extends along a two-sphere and is localized on S7. We evaluate the M2-
brane action (3.13) in an AdS; x S7 background.® The BPS relation between the charge
and tension of the brane guarantees the cancellation of the leading order terms in the radial
coordinate, as can be seen from (3.14) and (3.15). The h-independent term that survives
the cancellation is an attractive potential linear in R, which corresponds to the conformal
coupling of the scalar fields Y4 of the dual theory on R x S2. The dependence of the
potential on the modified boundary conditions shows up, to lowest order, in a Feynman
diagram in which the probe brane interacts with the boundary, exchanging scalar ¢ modes
through the cubic coupling in (3.5). Generalizing (2.39) to a cubic boundary interaction,

we obtain 5 4

1
3T /dnggﬁ ((3082 6 — sin? 9)3 . (3.23)
ST

In terms of the boundary fields of equation (3.18) and of the background metric § defined

Seff =

above (3.18), the result becomes

8 3
/ d'3 Ve () = — h £l / d'z [Z@ Z¢?] : (3.24)
=5

In the last step we have used the relation 2Rpqs/¢, = (2°72N)'/6 [13], which relates the
radius of AdS with N units of flux to the eleven-dimensional Planck length. For a non-
vanishing value of h, this is a sextic potential with unstable directions. Using a similar

argument as after (2.38), one can see that the potential (3.24) matches the deformation (3.7)
of ABJM theory. For k=1, it fixes the N-dependence of the operator Oin (3.8) to be c~1/N.

3.5 Extension to k > 1

The result of the previous section corresponds to the k = 1 case of ABJM theory. To
generalize to arbitrary k, consider the Zj orbifold of the eleven-dimensional supergravity
solution. In [13, 28], the metric on the seven-sphere was written in a Hopf-fibered way:

dsgr = (dx + w)? + dsZ.ps (3.25)

with y periodic with periodicity 27w. The Zj action simply changes the periodicity of the
coordinate y to 27/k. Since the volume of the quotient space is smaller by a factor k than

8 Actually the requirement of an asymptotically AdSs x S” background is sufficient.
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the original one, in order to have N units of flux of the four-form (3.10) on the quotient
space, we need to start with N/ = kN units on the covering space. The circle labeled by y
can be interpreted as the M-theory circle.

In the parametrization (3.12) of S7, we can exhibit the x direction by writing

dQ% = [d(x + X) +w]> +dsipr, dO3 =[d(x — X) + &) +déip . (3.26)

where as before x has periodicity 27 /k after the Zj identification.

The Zj, identification on the y direction rescales the volume of the S7, Vg7, by a factor
1/k. As pointed out in [14], the bulk scalar field ¢ survives the Z; quotient, so, to extend
the previous discussion to an arbitrary value of the Chern-Simons level, it suffices to trace
back its contributions in the computation of the effective potential. As a consequence
of the orbifolding, the actions (3.1) and (3.5) get rescaled by a factor 1/k and therefore,
the propagator for the field ¢ (3.22) has to be multiplied by a factor k. The M2-brane
action (3.13) is unaffected by the identification since the M-theory direction is transverse
to the M2-brane. The overall effect of the Zj, action is to rescale the final result (3.24) by
a factor k2. Substituting N’ = kN, it combines into

S 3
/ d'% Ve (&) = — ,jvf’g / d'z [Z¢ Z¢?] : (3.27)
=5

We now discuss various parameter regimes of the theory of N/ = kN M2-branes on
a C*/Zy, singularity to comment the k and N dependence of the effective potential. As
discussed in [13], the radius of the M-theory circle in Planck units is of order Raqgs/kl), ~
(EN)Y/6 /k, while the radius of the CP?3 factor is always large in Planck units if kN > 1.
Thus the M-theory description reduces to a weakly coupled type IIA string theory whenever
k® > N. In this limit, the M2-action (3.13) reduces to the action of a D2-brane in an
AdS, x CP? background. Due to the presence of two dimensionless parameters N and k,
we can also define a 't Hooft coupling A = N/k and consider a ’t Hooft limit N — oo
with A fixed. The radius of curvature in string units is of order A4, so the supergravity
description is valid if A > 1. In this 't Hooft limit, M-theory (or eleven-dimensional
supergravity) always reduces to weakly coupled type ITA string theory (or supergravity),
and the spherical M2-branes are really D2-branes.

From (3.27), we can infer that the operator O in (3.8) scales like ¢ ~ (EN3)~1/3. Since
N/k is fixed as N — oo, the 1/kN?3 dependence of the triple trace deformation of ABJM
theory precisely agrees with the 1/N* scaling assumed in [14], based on the requirement
that the 't Hooft limit should exist and be non-trivial.
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A Brane effective potentials in the Poincaré patch

The computations of D-brane effective potentials in the main text were done for spherical D-
branes in global AdS space-times. In this appendix, we discuss the analogous computations
for flat D-branes in the Poincaré patch of AdS.

In Poincaré coordinates, the AdS;.1 metric reads

R2
ds® = % (—dt* + dp® + d7?) , (A1)

where d7? is the flat metric on R and 0 < p < oo. In this parameterization, the
spacetime has an horizon at p = co and the conformal boundary at p = 0 is R~

Expanding a free massive scalar field in Minkowski plane waves,
90(-ﬂ P) _ efithrilg-fpd/Q\Il(p) ’ (A2)

the radial wave equation becomes
d? -
P22 + pd, W — [mQ + oA <k2 - w2>] U=0. (A.3)

For ¢2 = k2 — w? > 0, the two solutions are [23]

Ui(p) = Ku(ap), Y3 (p) = Lap), (A.4)

with v = 2\/d? + 4m?R3 ;q. In the mass range m3py < m? < mip + 1/R3 g we are

interested in, corresponding to 0 < v < 1, both solutions are normalizable at the boundary
of spacetime, while only \If;r is regular in the interior in the sense of (2.33). In our
computation of the D-brane effective potential, one would expect that only the ¢> = 0
modes contribute. However, we will see that it is useful to consider a regulator momentum
g2 > 0. For ¢°> > 0, we construct the propagator starting from the solution that is regular
at the origin and from a solution with specified behavior near the boundary:

Ui(p) = Ku(ap),  Walp) = L(gp) + CL K, (qp), (A7)
9For ¢*> < 0, the solutions are
Uy 0(p) = Jxu(lalp) (A.5)
when v is non integer and
Ui (p)=J(lalp), P35 (p)=Y.u(lalp) (A.6)

for integer v. Regularity in the interior selects a Hankel function, while for 0 < v < 1 both solutions are
normalizable near the boundary.
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where CF will be chosen such that Wy satisfies the boundary conditions of interest. The

Feynman propagator then reads

PR d'k —iw(t—t")+ik-(F—i")
GF (1’, Pix P ) x

R VSD ()
P2 p 2 6(p — p )‘Pl(p)%(p’) +0(p" = p)p = P}, (A-8)

where D = 10 (or D = 11) respectively for type IIB supergravity (or eleven-dimensional
supergravity). We are now ready to specialize to the two cases of interest in this paper.
Consider a probe D3-brane (or M2-brane) extended in flat four-dimensional (or three-
dimensional) space sitting at a radial Poincaré coordinate p and localized at a point in S°
(or S7).

In the five-dimensional setup of section 2, v = 0 and the source terms are

1. _
Tosi(p) = 5y <0082£ — ~ sin® £> pd(p—p), (A.9)
Raas 5
—10y aci <c082§—lsin2§> p>p
Jwz(p) = Rads 5 (A.10)
0 p<p.

The propagator satisfying the boundary conditions (2.5) defined at the scale p appearing
n (2.3), has
f

1+f<'YE+ln%)

where g is again Euler’s constant. Here we see why it is useful to introduce a regulator

@ = qg > 0: for ¢> = 0, we would have found an infrared divergent expression (we will

cP =

(A.11)

comment more on this below). The (regularized) effective potential computed as in (2.38) is

6 2
[ e Vinta) = - ! o [ s [¢% = Z¢?] , (A.12)
=2

2
1+ f (vp+mge) 3N

where we have introduced the fields
R2 R2
b1 = V32 cose, o = /328 sinfcosQy, ... (A.13)
p p
with canonical kinetic term

Skin = ! / d*z 0n ;0% ;i . (A.14)

We can now explain what is the role of the IR regulator q(Q]. Since the sources do not
depend on t and &, only the ¢> = 0 modes should contribute to the effective potential.
As is easy to see by letting gy — 0 in (A.12), this would formally give a vanishing result.
From a dual field theory point of view, this can be understood as follows. The scale p
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corresponds to the scale at which the coupling constant f is defined, while ¢ is the scale at
which the (renormalized) four-point function is computed. In the planar (large N) limit,
factorizable diagrams such figure 3 can be resummed and give rise to the running coupling
f/[1+ f(ve+1n(qo/21))] appearing in (A.12). Note in particular that the formal vanishing
of the coupling for ¢y — 0 is not reliable: for f > 0, the coupling becomes strong as one
flows to the IR and formally becomes infinite at some finite value of gy, before go = 0 is
reached. Note also that these infrared divergences were absent in section 2.4, since there
the radial position of the brane was effectively massive (corresponding to the conformal
coupling to the curvature of S3 in SYM theory on R x S3).
In the four-dimensional case, ¥ = 1/2 and the sources read

T2
= 6 —sin0) po A.15
Toei(p) =~ — \/— (cos?8 —sin?0) pd(p — p), (A.15)
H2 2 ) _
—(cos“ 6 —sin“ ) p >
Jwz(p) Raas \/5( Jr=p (A.16)
0 p<p
The supersymmetric boundary condition sets
2
ct ==, (A.17)
T

The result for the effective potential computed as in (3.24) is

8 3
/ Az Veg(z) = — ]\};3377 / [Z¢, Z¢?] : (A.18)
1=5

in terms of the canonically normalized scalars

[ 7R3 [ 9 R3
1 =2 E%COSGCOSQM Py = 2 e pAdS cos 0 sin 21 cos o,
R3 R3
o5 = 2 T2YAdS i1y g cos Qu, =2 2YAdS iy, g sin QycosQs5, ... (A.19)
V. p V. p

The final result does not depend on the regulator gg. This is in agreement with the fact
that the boundary conditions (3.4) are AdS invariant and that in the planar limit the corre-
sponding multi-trace deformation is exactly marginal and preserves conformal invariance.
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Motivated by the study of big crunch singularities in asymptotically AdS, space-times, we consider a
marginal triple trace deformation of Aharony-Bergman-Jafferis-Maldacena (ABJM) theory. The defor-
mation corresponds to adding a potential which is unbounded below. In a "t Hooft large N limit, the beta
function for the triple trace deformation vanishes, which is consistent with the near-boundary behavior of
the bulk fields. At the next order in the 1/N expansion, the triple trace couplings exhibit nontrivial
running, which we analyze explicitly in the limit of zero "t Hooft coupling, in which the model reduces to
an O(N) X O(N) vector model with large N. In this limit, we establish the existence of a perturbative UV
fixed point, and we comment on possible nonperturbative effects. We also show that the bulk analysis

leading to big crunch singularities extends to the Z,; orbifold models dual to ABJM theory.

DOI: 10.1103/PhysRevD.80.086007

I. INTRODUCTION AND SUMMARY

M theory compactified on S7 with asymptotically AdS,
boundary conditions allows a consistent truncation to four-
dimensional supergravity with a negative cosmological
constant and a single scalar field whose negative mass
squared lies just above the Breitenlohner-Freedman bound.
Besides the usual supersymmetric boundary conditions,
there is a different set of possible, well-defined boundary
conditions that break supersymmetry but preserve all anti-
de Sitter (AdS) symmetries. In [1] it was shown that the
theory with nonsupersymmetric, AdS-invariant boundary
conditions admits solutions where smooth, asymptotically
AdS initial data evolve into a big crunch singularity—a
spacelike singularity that reaches the boundary of AdS, in
finite global time.

The holographic dual to M theory in asymptotically
AdS, X S7 space-times is the three-dimensional supercon-
formal field theory that describes the low energy dynamics
of coincident M2-branes [2]. This theory can be thought of
as living on the boundary of AdS,. Adopting nonsuper-
symmetric but AdS-invariant boundary conditions for the
bulk corresponds to adding a marginal triple trace potential
to the boundary theory. With this correction, the tree-level
potential of the boundary theory no longer has a minimum,
indicating that the Hamiltonian of the quantum boundary
theory may be unbounded below. In Refs. [1,3], the sug-
gestion was made that one might be able to learn some-
thing about cosmological singularities in the bulk by
studying field theories with potentials which are un-
bounded below.
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At the time of [1,3], however, not much was known
about the M2-brane theory, even without the unstable
deformation. It arises as the infrared (strong coupling) limit
of the super-Yang-Mills (SYM) theory living on
D2-branes, but this infrared limit was hard to describe
explicitly. For instance, its spectrum of chiral operators
was derived not through field theory computations, but by
using the AdS/CFT correspondence and the known
Kaluza-Klein spectra of 11-dimensional supergravity com-
pactified on S7 [4]. But without explicit knowledge of the
dual theory, one could not perform reliable field theory
computations to give information about cosmological
singularities.

A more specific criticism of [1] was raised in [5], where
it was argued, based on an analogy with the O(N) vector
model at large N, that the deformation of the conformal
field theory is marginally irrelevant. Since the behavior of
the potential for large field values would then depend on an
unknown ultraviolet completion of the theory, it was ar-
gued that the unbounded below nature of the potential
might be an artifact of the tree-level approximation and,
in particular, could be absent in the full quantum theory.

For these reasons, we have recently studied related
AdSs X §° models [6], also suggested in [1]. In these
models, the undeformed dual field theory is N =4
SYM in four dimensions, which is very well understood.
The deformation corresponds to adding a negative, un-
bounded double trace potential [7-9]. In this theory, the
coupling of the negative double trace deformation is
asymptotically free in the large N limit [8], which we
used to argue that the quantum effective potential is un-
bounded below (the argument for a single scalar field was
given in [10]). The relevant coupling becomes arbitrarily
small in the regime of interest for studying the cosmologi-

© 2009 The American Physical Society
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cal singularity (namely large fields in the boundary theory),
rendering perturbation theory more and more reliable as
the singularity approaches.

Recently, a concrete proposal for the theory of N coin-
cident M2-branes was put forward in Ref. [11] [Aharony-
Bergman-Jafferis-Maldacena (ABJM)]. The ABJM theory
is an N =6 superconformal U(N) X U(N) Chern-
Simons theory with levels k and —k, respectively. For k >
1, the M2-branes are localized at the fixed point of a Z;
orbifold of Minkowski space. The presence of the two
parameters N and k allows one to define a 't Hooft limit
N — o with N/k fixed. In this regime, one of the S’
dimensions in the 11-dimensional bulk becomes small
and the theory is best described by type IIA string theory
on AdS, X CP;.

In the present paper, we revisit the issues mentioned
above in the context of the ABJM theory. Unlike the model
studied in [6], in this case the triple trace potential does not
have a definite sign, so the O(N) vector model analogy
does not apply directly. Therefore, we introduce a tricrit-
ical O(N) X O(N) vector model as a better analogue and
study its fixed point structure—in fact, in the limit of weak
't Hooft coupling (N/k — 0), our deformation of ABJM
theory precisely reduces to the O(2N?) X O(2N?) vector
model at large N. In this limit, we find that the perturbative
beta functions for the various sextic couplings vanish. (A
similar scale independence at strong 't Hooft coupling can
be inferred from the near-boundary behavior of the corre-
sponding bulk scalar [1].) At the next order in the 1/N
expansion, the beta functions are nontrivial and the
O(N) X O(N) vector model has several nontrivial UV
fixed points, one of which corresponds to the UV regime
of our potential with indefinite sign. This shows that at
least within perturbation theory and at sufficiently weak
"t Hooft coupling, as in the negative double trace deforma-
tion of the N" = 4 SYM case, the coupling of a negative
triple trace deformation is asymptotically free and the
quantum effective potential is unbounded below.
Parenthetically, let us mention that large N nonperturbative
effects are known to destabilize the model in the UV when
a time-independent, static system is considered [see [12]
for the O(N) vector model and [13] for the O(N) X O(N)
vector model]. However, preliminary analysis indicates
that these instabilities are in fact consistent with the
time-dependent, cosmological applications we have in
mind [14].

In this paper, we also extend the bulk analysis of [1]
(which would correspond to k = 1) to k> 1, which is
necessary to make contact with the ’t Hooft regime in
which we do the field theory analysis. In particular, we
show that the scalar field present in the consistent trunca-
tion in [1] survives the Z; orbifolding, so that the four-
dimensional analysis of [1] also holds for £ > 1.

With these results in hand, one can attempt to define
unitary evolution in these theories by using self-adjoint
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extensions. It will then be interesting to study the implica-
tions of this for the nature of cosmological singularities in
the bulk. The results of this work will appear elsewhere
[14].

The structure of this paper is as follows. In Sec. II, we
briefly review the work of [1] on big crunch solutions of
AdS supergravity coupled to a scalar field with nonsuper-
symmetric boundary conditions. In Sec. III, we review the
ABJM theory of coincident M2-branes and its gravity dual.
In Sec. IV, we propose a triple trace deformation dual to the
modified boundary conditions in the bulk. By studying the
properties of the O(N) X O(N) vector model under renor-
malization group flow, we show that, at least in the weak
't Hooft coupling limit, the couplings of the triple trace
potential have a perturbative UV fixed point. We discuss Z,
orbifolds of the bulk models of [1] and show that the scalar
field of interest survives the orbifolding.

II. ADS COSMOLOGY

M theory in asymptotically AdS, X S7 space-times has
D =4, )N = 8 gauged supergravity as its low energy
limit. This theory contains the graviton, 28 gauge bosons
in the adjoint of SO(8), and 70 real scalars as its bosonic
degrees of freedom. It allows a consistent truncation to
four-dimensional gravity coupled to a single scalar field
[15]:

1 1 1
s= [ai 1R -2 wer+ g 2coshie) |
Q2.1

where we have chosen units in which the 4D Planck mass is
unity." The maximum of the potential at ¢ = 0 corre-
sponds to the AdS, vacuum solution. Small fluctuations
around the maximum of the potential have m*> = —2R, X,
which is above the Breitenlohner-Freedman bound m?,. =
—9R 3 [16]. Hence, the AdS, solution is perturbatively
stable. The positive mass theorem implies that, with the
usual supersymmetric boundary conditions, it is also non-
perturbatively stable. As we shall now review, this need not
be the case with other AdS-invariant boundary conditions
[1].

In global coordinates, the AdS, metric reads

dr?

T2t erQZ). 2.2)

ds? = Rids(—(l + r)%df* + .

In asymptotically AdS solutions, the scalar field ¢ decays
at large radial coordinate as

'This truncation corresponds to setting ¢12 =0, ¢(13) =
¢ = ¢, and the gauge fields to zero in Eq. (2.11) of [15].
As can be seen from (2.12) of [15], this choice preserves
SO(4) X SO(2) X SO(2). Truncations preserving SO(6) X
SO(2) and SO(4) X SO(4) are also possible.
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MULTITRACE DEFORMATION OF THE AHARONY- ...

_a(t Q) N B(t, Q)'

r r2

(2.3)

The usual boundary conditions correspond to taking either
a = 0 (which can be chosen for any m?) or 8 = O (which
can be chosen for scalars in the mass range — R Ags <
m? < — 3R, %). These are in fact two special cases out of a
one-parameter class of boundary conditions that are anti-
de Sitter invariant and allow the construction of well-
defined and finite Hamiltonian generators for all elements
of the anti-de Sitter algebra [17,18]. The more general
boundary conditions are given by

B = —ha?

where £ is an arbitrary constant [17]. For 2 > 0, solutions
were found [1] in which smooth asymptotically AdS initial
data evolved into a big crunch, a spacelike singularity
reaching the boundary of AdS in finite global time.”

M theory in asymptotically AdS, X S7 space-times with
B =0 boundary conditions is dual to the three-
dimensional superconformal field theory describing the
low energy dynamics of coincident M2-branes. The scalar
mode «(z, ) of a bulk solution corresponds to the expec-
tation value of the dual operator O in the boundary theory.
(Choosing a fixed 8 # 0 would correspond to adding a
source term [ BO to the action of the boundary theory.)
The bulk scalar field ¢ is dual to an operator O of dimen-
sion 1, transforming in the traceless symmetric two-tensor
representation of SO(8). In general, adding a term
— [ W(O) to the action of the dual field theory corresponds
in the bulk theory to adopting modified boundary condi-
tions B(a) such that 8 = W/(«) [8,9]. Taking boundary
conditions (2.4) is therefore dual to adding a marginal
triple trace operator to the boundary action

(2.4)

S—>S+g[@3. (2.5)
In Sec. IV, we shall see that the operator O can take
arbitrarily large positive and negative values, so that the
potential we have added is unbounded below for any non-
zero value of 4. This is consistent with our earlier comment
in Footnote 2.

Unlike the asymptotically AdSs X S°> model studied in
[6], the asymptotic behavior (2.3) with (2.4) does not
involve a logarithmic dependence on the radial coordi-
nate.” In the dual field theory, this corresponds to the fact

>The restriction to 4 > 0 is not essential. In the solutions of
[1], the & coefficient of the initial profile of the bulk scalar field
is positive. Since the potential of the bulk scalar field in (2.1) is
even in ¢, there exist similar solutions where « is negative in the
initial profile, and S positive. These are solutions with 4 < 0, for
which the scalar field becomes negative towards the interior of
the bulk.

*We note that the absence of a ¢ interaction in the potential in
(2.1) is a necessary condition for there to be no logarithmic tails
in the asymptotic profile of m> = —2 scalars [18].

PHYSICAL REVIEW D 80, 086007 (2009)

that conformal invariance is preserved to leading order in
1/N, which we shall discuss in Sec. TV.

III. ABJM THEORY

Recently, Aharony, Bergman, Jafferis, and Maldacena
(ABJM) introduced an N = 6 superconformal U(N) X
U(N) Chern-Simons-matter theory with levels k and —k,
respectively. The two U(N) gauge fields are denoted A,
and A - The theory contains scalar fields YA A=1,...4
transforming in the fundamental representation of an
SU(4) R symmetry. (Here, we are using the notation of
[19].) Each YA transforms in the bifundamental (N, N)
representation of the gauge group. The Hermitean conju-
gate scalar fields Y;{ transform in the antifundamental
representation of SU(4) and the (N, N) of the gauge group.
We will not need the fermionic fields explicitly in this
paper.

The action reads

.
s = [d3 [ eWTr<A 9,4, +§’A,LAVAA

20 A & A
—A,0,A, —gAﬂA,,A ) Tr(D,YA)TDryA
+ Vi + terms with ferm10ns] 3.1
with
4 AytyBytycyt tyaytyBytyc
Vios = =57 TYAYIYPyjyeyl + viviviyPyly

+4YAY eyl vByl — evAYivBY YCyl]l (3.2)
The proposal of [11] is that this theory is the world-
volume action for N coincident M2-branes on a Z;, orbifold

of C*, with the generator of Z, acting as

yA4 — exp(2i/k)y* (3.3)

on complex coordinates y*. The coupling constant of the
ABJM theory is 1/k. We will be interested in the
“’t Hooft™ limit of large N with N/k fixed. In this limit,
the theory is weakly coupled for k>> N and strongly
coupled for k < N.

The gravity dual of this system of M2-branes is a Z;
orbifold of AdS, X S7. Before orbifolding, the AdS, X S’
solution of 11-dimensional supergravity with N’ units of
four-form flux reads

ds* = TdSAdS + R? dsS7, 3.4
F4 ~ N/€4; (35)
— = (32m2N")V/S, (3.6)

l

p

where ds? Aas, and ds2 have unit radius.
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The Z, identification, which acts on the S7 as in (3.3),
preserves an SU(4) X U(1) subgroup of the isometry group
of §7. It is convenient to rewrite the unit seven-sphere as an
S fibration over CP*:

a’sé7 = (dy + w)* + ds>

2 (3.7)

where y has period 27 and w is a connection on a topo-
logically nontrivial U(1) bundle on CP? [20]. The Z,
identification simply changes the period of y to 27/k. In
order to have N units of flux on the quotient space, we
choose N’ = kN. While the radius of the CP? factor in
(3.4) is always large in Planck units if kN >> 1, the radius
of the y circle in Planck units is of order R/kl, ~
(kN)'/¢/k, which is very small in the ’t Hooft limit.
Therefore, the appropriate description in this regime is as
a weakly coupled type IIA string theory. The radius of
curvature in string units turns out to be of order (N/ k)'/4,
so the bulk is stringy when the "t Hooft coupling is small.

IV. A TRIPLE TRACE DEFORMATION OF ABJM
THEORY

The consistent truncation (2.1) of D=4, N =38
gauged supergravity was introduced in [15]. The bulk
scalar ¢, which corresponds to a specific quadrupole de-
formation of S7 and transforms as a symmetric traceless
tensor under SO(8), is invariant under independent U(1)
rotations of the four complex coordinates y* [see Eq. (2.9)
of [15]], and, in particular, under the identification (3.3).
This implies that ¢ survives the Z, quotient, so that the
bulk analysis of [1] extends to k > 1, in particular, to the
"t Hooft limit of interest in the present paper. The operator
O is a dimension one chiral primary operator with the same
symmetry properties as ¢ under the preserved SU(4) sub-
group of SO(8). A natural candidate is

1
0 =13 Te(Y'y! — v2r)).

4.1
To understand the factor 1/N? in (4.1), note that in general
the large N limit of theories of matrix-valued fields @ is
taken as follows (see for instance [8]). Trace operators are
normalized as O = TrF(®)/N and the action has the form
N?W(0), where neither F nor W depend explicitly on N.
The fields Y appearing in the action (3.1) are rescaled to
have an N-independent kinetic term in the 't Hooft limit:
Y ~ VN®, which explains the extra factor of 1/N in (4.1).
The triple trace vertex appearing in the deformation (2.5) is
drawn in 't Hooft double line notation in Fig. 1. In terms of
a coupling f that is kept fixed as the ’t Hooft limit is taken,
we have added to the single trace potential (3.2) a triple
trace term

V= —%[Tr(Yl yi — r2vhHp, 4.2)

PHYSICAL REVIEW D 80, 086007 (2009)

O

FIG. 1. The [Tr(YY")]? vertex in double line notation.

where the 1/N* arises from the N? in front of the action
and a 1/N® from (4.1).

Note that the potential (4.2) is unbounded above and
below, whatever the sign of f. An important question,
raised in [5], is whether quantum corrections stabilize the
potential. One can readily check that, unlike in the D = 4,
N = 4 SYM theory studied in [8] and used for cosmology
in [6], the beta function for the coupling f vanishes to
leading order in the 1/N expansion. However, at next to
leading order we find corrections from the diagrams in
Figs. 2 and 3.

It is important to know whether ABJM theory deformed
by the triple trace potential (4.2) can be defined without a
UV cutoff (and if a UV cutoff is necessary, whether it
influences the dynamics of interest). Since a complete
analysis appears rather complicated we shall, as in
Ref. [5], begin by studying simpler but analogous scalar
field models sharing key features with the theory of inter-
est. In fact, in the limit of weak "t Hooft coupling, N/k —
0, our deformation of ABJM theory precisely reduces to
the O(2N?) X O(2N?) vector model at large N. In
Sec. IVA, we first discuss the O(N) vector model, drawing
an important distinction between the cases with positive
and negative coupling. In Sec. IV B, we then study the
O(N) X O(N) vector model, which appears as the weak
't Hooft coupling limit of the deformed ABJM model of

FIG. 2. Two-loop diagram that renormalizes the coupling f at
order 1/N?.
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\
A

FIG. 3. Four-loop diagram that renormalizes the coupling f at
order 1/N2.

interest. Finally, in Sec. IV C, we comment on the case of
nonzero 't Hooft coupling.

A. The O(N) vector model

Before discussing the subleading corrections in the
model of interest, let us first discuss the analogous question
in the well-understood O(N) vector model at the tricritical
point. The latter model, which describes N scalar fields in
three dimensions, assembled in a vector qg, is defined by
the action

— s f_1 _).,u_)_lia._)S)

S fdx( 26#¢ L) 6N2(¢ ¢)r) 4.3
The sextic vertex is the analogue of Fig. 1, with all double
lines replaced by single lines. The perturbative beta func-
tion for A vanishes to leading order in the 1/N expansion,
but receives nonzero contributions of order A*>/N and
A3/N from the logarithmically divergent two- and four-
loop diagram analogous to Figs. 2 and 3 (with all double
lines replaced by single lines). (Contributions with higher
powers of A are suppressed by additional powers of 1/N.)
The sum of the Feynman diagrams in Figs. 1-3 is [21-23]

. 2 2
3!23[—z'i2 +1 1n<A—2)—A . 9—];’
6N- 2 \p-/36N" 7

i ln(AZ) A 9N ]
2 \p?)216N° 3272 [
times the appropriate tensor, where A is a UV cutoff and

the scale p? is set by (spacelike) momenta flowing in and
out of the diagrams. From (4.4), one reads off the beta

function
e
27N 192)

which is indeed suppressed by 1/N.

4.4)

BA) =

4.5)

PHYSICAL REVIEW D 80, 086007 (2009)

For a positive potential (A > 0), it follows from the
quadratic term in (4.5) that the coupling is marginally
irrelevant for small values of A, for which it increases
towards the UV. As A increases, the cubic term in (4.5)
becomes important and a perturbative UV fixed point is
reached at

A* =192 (4.6)

In [12], a self-consistent, static, nonperturbative UV fixed
point was found, in the strict N = oo limit, at the smaller
value

Ao = 1672 < A%, 4.7)
and an instability was established for A > A_., meaning that
if one attempts to construct a static vacuum, all masses are
of the order of the cutoff, so that the theory does not
possess a continuum limit; see [5] for a recent discussion.
However, preliminary results indicate that there is no such
UV dependence in the time-dependent backgrounds of
interest to us [14].

For a negative potential (A < 0), the quadratic term in
(4.5) implies that the coupling is asymptotically free (as
discussed in [10] for —¢* theory in four dimensions). As
mentioned in [10] (see Appendix B of [6] for a recent
discussion in a context closely related to the present paper,
and the discussion below), one can then use the techniques
of [24] to show directly that the energy of the system is
unbounded below.* So at least for the O(N) vector model,
the fact that the potential with A < 0 is unbounded below
definitely survives quantum corrections.’

We now compute the Coleman-Weinberg effective po-
tential in the regime —1 <K A < 0, so that the first term in
(4.5) dominates. The coupling as a function of the renor-
malization scale w is determined by the Callan-Symanzik
equation

dA 32
e 4.8
H du 2mN (4.8)
whose solution is
47N
Ay =——"r—r, 4.9
b T 3 In(u/aY) @9

with M being an arbitrary mass scale (implementing di-
mensional transmutation). The Coleman-Weinberg poten-
tial, where the renormalization scale is set by a field value,
is then

“Based on this, the authors of [10] dismissed the theory as
nonsense, whereas in [6] a first attempt was made to make sense
of such field theories. An update on the latter work will appear
elsewhere [14].

This conclusion might at first sight appear different from that
reached in [5]. However, looking more closely, the computations
referred to in [5] refer to positive coupling (beyond the critical
one).
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- 47? - -
V(g) = — = (¢ &)
? 3NIn[(¢ - ¢)/M?] ve

If M is chosen such that the coupling A is small, —1 <
A <0, for some value of q; : J) it will be even smaller for
larger values. [Note that the condition —1 < A <0 im-
plies that the logarithm in (4.10) should be at least of order
N.] Therefore, the perturbative analysis leading to the
potential (4.10) is reliable for sufficiently large field values,
which establishes that it is unbounded below.

(4.10)

B. The O(N) X O(N) vector model

Consider the O(N) X O(N) vector model defined by the
action

PHYSICAL REVIEW D 80, 086007 (2009)

For the SpeCial case /\112 = _/\122 = _3)\111 = 3/\222 =

—3, this corresponds to the potential
A - = .
= 6N2 (11— b2 h2)*

By collecting the 2N? real components of the complex

(4.12)

N X N matrix Y' in a 2N?-component vector ¢,, and
similarly for Y2, we see that the triple trace potential
(4.2) takes the form (4.12) (with N replaced by 2N?).
Moreover, in the N/k — 0 weak ’t Hooft coupling limit,
the deformed ABJM action precisely reduces to that of the
O(2N?) X O(2N?) vector model.

When we consider the potential (4.12), we see that there
are four terms, and that the potential does not have a
definite sign. In fact, even if they appear in fixed ratios in

s 1 - - 1 - - the classical potential (4.12), the couplings of the four
S = _[ d x[— Eaﬂ(bl C0tgy — _an¢2 ) terms will renormalize differently, which is why we in-
A L. clude four different couplings in (4.11) to investigate the
%(q&l c ) — 22; (fy - ba)® — ”; (b, $,)? ultraviolet properties of the theory with potential (4.12).°
ON 6N ON It is straightforward to generalize the perturbative beta
« (d’z ¢2) _ 12; (¢1 . $1)(€7’2 . (52)2]_ .11 function (4.5) at order 1/N to the model (4.11). The result
6N is
|
27T2N 1 1 1 1 1
Bin = Ay + 5/\%12 - @(A?n 3 TAAl + 9)‘112)‘122 + 27/\122)
2772N 1 1 2 2 1 2 1 1
— B2 = /\112+9/\122"'3)\111)\112"'9)\112)\122 192<)\111A112"'3)\111)\112)\122"'9)\112"‘3)l112)l222
2 1
+ oAy + _/\%22/\222)2
9 3
2772N 1 1 2 2 1 2
B = Ain + 5/\%12 + §)‘222A122 + §A122A112 192 ()‘222/\122 +3 3 A AinAn + ¢ 9 )\122 + 3 3 )\122)\111
2 1
+ oA, + _)‘%12/\111)2
9 3
27T2N 1 1 1 1 1
B = A3y, + 5/\%22 - 19_2<’\%22 + gf\zzzf\%zz + §)‘%22)\112 + E/\%u)- (4.13)

From our knowledge of the O(N) vector model, re-
viewed above, we can immediately infer the existence of
the following perturbative fixed points. One fixed point
simply corresponds to the nontrivial UV fixed point of
the 0(2N) vector model: )\112 = )l122 = 3Al]l = 3)[222 =
3A*. A second fixed point has all couplings equal to zero; it
can be approached in the UV by starting with the O(2N)
vector model with small negative coupling. The perturba-
tive fixed point of interest to us has Ay = A* and A}, =
A122 = Ay = 0. By integrating (4.13) numerically (see
Fig. 4), we find that this UV fixed point is reached when
we start with (4.12) and flow towards the UV. If we choose
conventions such that A <0 in (4.12) (the other sign is
related to this by interchanging (f)l and (;32), Aqq; remains
negative and approaches zero as the renormalization scale
is increased, just as we encountered in the O(N) vector
model with negative coupling. From (4.13), one determines

6Incidentally, at large ’t Hooft coupling, one would use the
bulk description to investigate the renormalization properties of
the triple trace potential (4.2). Since the field ¢ dual to the
operator O is part of the consistent truncation (2.1), it does not
source the other scalar fields and one might be tempted to
conclude that at large 't Hooft coupling, unlike what happens
at weak 't Hooft coupling, the potential (4.2) preserves its form
(4.12) under renormalization group flow. However, as in [25],
pure AdS continues to be a solution to the classical equations of
motion of (2.1) even with modified boundary conditions (2.4),
which indicates that there is no running at the level of classical
supergravity. (Moreover, unlike the double trace deformation
analyzed in [25], the modified boundary conditions preserve the
asymptotic AdS symmetry group.) It therefore seems to us that
seeing any nontrivial renormalization group flow will require
going beyond the classical supergravity approximation, and for
this it is important to know whether properties related to con-
sistent truncation survive quantum corrections in the bulk.
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the detailed UV-limiting behavior of the four couplings,

A — Al —

1
76 A,
Axp — 192,

1
— )3 ,
27(192)2 122

Ay — Cu~O6/™N),

= 0,
(4.14)

with C a negative constant (see Fig. 4). This behavior will
be important in our discussion of the related cosmology
[14].

As we have already mentioned, it is known that, at large
N, nonperturbative effects destabilize the model for posi-
tive coupling A > A, so that it does not possess a UV-
independent, static ground state [12,13]. However, for
describing cosmology, and cosmological singularities, in
particular, we are not interested in static ground states, and
whether any UV-dependence enters depends on the ques-
tions being asked. We shall detail this point in future work
[14], where we use the model presented here to study the
cosmological space-times mentioned in the Introduction.

C. Triple trace deformation of ABJM theory:
Comments

In the previous subsection, we have studied the vector
model arising in the limit of zero 't Hooft coupling, in
which we could ignore the single trace interactions in the
ABJM action (3.1). As in [6], the bulk is in a stringy regime
for weak ’t Hooft coupling. However, from the bulk analy-
sis described in Sec. II, which is valid at large 't Hooft
coupling, we know that at least certain important features,
such as the unboundedness of the potential and the absence
of logarithmic running to leading order in 1/N, extend to
the regime with large "t Hooft coupling. Another question
one may ask is whether the beta functions of the deforma-
tion couplings will receive corrections linear in f, for
instance proportional to f/k? rather than f2. However,
such logarithmically divergent diagrams need to cancel
because O is a chiral primary operator, whose anomalous
dimension must vanish in the undeformed theory: from any
logarithmically divergent diagram with one triple trace and
one single trace vertex contributing to the triple trace
coupling, one can construct a logarithmically divergent
diagram contributing to the anomalous dimension of O
by stripping off two uncontracted Tr(Y Y1) factors from the
triple trace vertex.

An important difference with the D = 4, N = 4 SYM
theory, where the running of f occurred at leading (zeroth)

PHYSICAL REVIEW D 80, 086007 (2009)

In(jA])

=30t

FIG. 4 (color online). Numerical solution for the running
couplings in the O(N) X O(N) vector model, shown against t =
31In(u)/(272N). Initial conditions were specified by (4.12), with
A= —1/500, at t = 0. From top to bottom, the solid curves
show Az, Appp, Aqpp, and Aqq;. The dashed lines show the
limiting behavior of the couplings in the UV, given in (4.14).
Note that the absolute values of the couplings are shown: A;j;
and Ay, are negative whereas A;j, and Ay, are positive.

order in the 1/N expansion, is that here the running of f is
suppressed by 1/N?2. This is consistent with the absence of
logarithmic terms in the asymptotic bulk supergravity so-
lutions, mentioned at the end of Sec. II, and can therefore
be regarded as a test of the AdS/CFT correspondence.
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1 Introduction

Time-dependent matrix theories [1] have been introduced as an analogue of the Banks-
Fischler-Shenker-Susskind flat space-time matrix theory [2] and of matrix string the-
ory [3-5] in an attempt to describe non-perturbative quantum gravity in time-dependent,
possibly highly curved (or even singular) space-times. The original set-up of [1] has been
later extended in various directions [6-17]; in particular, a systematic generalization of the
analysis to more general singular homogeneous plane-wave space-time backgrounds has
appeared in [17]. In close parallel to the flat space matrix theory conjectures, one may
expect these models to give a complete quantum-gravitational theory of asymptotically
plane-wave space-times.

The usual construction of (time-independent) matrix theories [2] essentially relies on
the type ITA superstring/M-theory duality conjecture. Namely, one compactifies a light-
like dimension in the background 11-dimensional Minkowski space-time of M-theory, i.e.,
performs a discrete light-cone quantization (DLCQ) [18]. To make the construction more
precise [19] (see also [20]), one takes this compact dimension to be slighly space-like. A
large boost relates this theory to M-theory with a manifestly space-like compactification on
a very small circle. The latter system is related to weakly coupled type ITA string theory
via the type ITA superstring/M-theory duality conjecture. Furthermore, for N units of
momentum on the DLCQ circle and finite energies in the original reference frame used for
DLCQ, N DO-branes have to be present in the type ITA theory, and the only surviving
degrees of freedom are the massless open string states associated with the DO-branes. This
set-up yields the matrix theory action. An analogue of this argument can be devised for the
case of ITA superstring theory (rather than M-theory), yielding a matrix string action [3-5]
(rather than matrix quantum mechanics).

Because plane waves enjoy a light-like isometry, the Minkowski space arguments can
be generalized to plane-wave backgrounds, resulting in time-dependent matrix theories
and matrix string theories. Even though, in the context of these models, novel physics is



expected to emerge in the high-curvature regions of the time-dependent backgrounds, it is
also important to understand in what precise manner the dynamics approaches classical
space-time when the curvatures become small.

A related issue is supersymmetry restoration. Supersymmetry is essential in the
flat space matrix theory to protect the free propagation of gravitons, which in turn
underlies the conventional space-time interpretation. In time-dependent matrix theories,
supersymmetry is broken completely (whichever part is not broken by the plane wave
backround, will be broken by the light-like momentum on the DLCQ circle). It is therefore
crucial to understand why this does not prevent space-time from forming (at least in the
low-curvature regime), an issue that has been raised since the original formulation of this
class of models in [1].

Heuristically, the question of low-curvature dynamics has been addressed already in [1]:
it has been shown that, in an appropriate parametrization, the time-dependent matrix
string theory reduces to a 2-dimensional supersymmetric gauge theory on a Milne space-
time with metric

ds* = e (—dn® + da?), x ~ x4+ 2m. (1.1)

The supersymmetry is only broken by the identification x ~ = + 27, and, since the radius
of the Milne circle becomes large at late times (i.e., in the low curvature regime), one
could expect that, for a wide range of processes, the supersymmetry breaking will become
invisible. In [21], the effective potential for the matrix string variables has been computed
in the weak coupling expansion of the gauge theory. Even though the computation is not
technically valid at late times, formal extrapolation of the resulting expressions suggested
that the effective potential decays at late times, a feature that could be indicative of su-
persymmetry restoration. Another attempt to study late time (low background curvature)
dynamics of the time-dependent matrix theories has been recently undertaken in [22].
Our present objective is to re-address these issues in a maximally clear and simple
fashion. For the 11-dimensional case of [6], the matrix action previously presented in
the literature shows steep time dependences at late times. This makes the emergence
of a near-classical space-time quite puzzling, as it superficially suggests a strong explicit
supersymmetry breaking, among other things. We shall show that, treated in appropriate
variables, the relevant time-dependent matrix theory approaches its flat space counterpart
at late times (low curvatures). The manner of convergence is somewhat subtle, but, since
a bound on deviations from the flat space theories will be given, the issues of space-
time interpretation and supersymmetry restoration are automatically resolved. One can
understand this situation in a different way: the superficially steep time dependences in
the original matrix theory action actually enter an adiabatic! regime at late times, which
again connects the dynamics to that of a time-independent matrix theory. For the 11-
dimensional case, this is simply an equivalent and less straightforward way to view the

geometry-inspired variable redefinition that eliminates the time-dependences at late times.

! Adiabaticity has recently surfaced [23] in the context of quantum gravity in time-dependent back-
grounds, though the precise setting differs substantially from ours.



For the 10-dimensional case of [1, 17], however, there appears to be no canonical
variable redefinition that eliminates the time dependence in the Lagrangian at late times.
(For instance, the 10-dimensional theory of [1] can be seen as the 11-dimensional matrix
theory described in the previous passage, with an additional compactification. However,
if we attempt to perform the same variable redefinition as in the 11-dimensional case, the
compactification radius becomes time-dependent, making the theory awkward to study.)
Still, one can establish the onset of an adiabatic regime in the late-time dynamics of
these theories, which again connects them to their flat-space counterparts. (In justifying
adiabaticity for this case, we shall rely on the standard flat-space matrix string theory
conjectures [5], which are essential to a meaningful interpretation of the time-dependent
matrix theories in any case, and hence already implicitly assumed.)

Note that in the present paper it is not our objective to trace the complete evolution
of states from early to late times and show that a near-classical space-time emerges from a
generic initial state (which we do not expect to be the case). Explaining the emergence of
a near-classical space-time from initial conditions is a major problem in cosmology, which
we do not address here. Rather, we shall show that the dynamics of the relevant matrix
theories approaches their flat-space counterparts, if studied at late times. This implies
that, given a state with a late-time near-classical space-time interpretation, matrix theory
can consistently describe its further evolution. Establishing this property is already non-
trivial, and it is an essential pre-requisite for a more thorough treatment of cosmological
scenarios in our framework.

We shall start our exposition by analyzing the 11-dimensional time-dependent matrix
theory, followed by the 10-dimensional matrix string theory. In these treatments, we shall
perform the algebraic manipulations explicitly, leading up to the derivation of the necessary
dynamical bounds. In the last section, we shall explain how our formal manipulations are
related to quantum adiabatic theory.

2 Matrix quantum mechanics

We shall start by briefly reviewing the 11-dimensional (quantum-mechanical) matrix theo-
ries introduced in [6] as simpler analogues of the matrix string theories of [1]. The relevant
11-dimensional (M-theory) background has the form

ds? = e20 " (—2dztdz™ + (da')?) + e2ﬁm+(dac11)2, (2.1)
or, in terms of the light-like geodesic affine parameter ™ = e2oa™ /2a,
ds? = —2drdz™ + 2ar(dz?)? + (2a7)%/* (dz'h)2. (2.2)

This metric satisfies the 11-dimensional supergravity equations of motion if the constants
«a and 3 are related as f = —2a, or f = 4a. The fact that these relations need to be
imposed will not be relevant for our present considerations (it is essential, however, for the
general consistency of the corresponding matrix theories).

Since translations in = form an isometry of the above background, the usual DLCQ
argument (proposed in [19] and adapted to the time-dependent case in [1]) can be applied.



The result [6] is a matrix theory that can be expected to describe non-perturbative quantum
gravity in space-times asymptotic to (2.2). The bosonic and fermionic parts of the matrix
theory action, respectively, have the following form:

. B/ -
Sp = /dTTr{Og(DTXZ)Q + (20‘225 (D, X)% - f(ZaT)Z[XZ,XJ]Z

~ 1 (2ar) e [X@',XH]?} , (2.3)

Sp = / dr {wTDTe — RV2a70T~;[ X7, 0] — R(2a7)P/220T 11 [ X1, 9]} .

The problems we intend to discuss can be understood already at the level of the ac-
tion (2.3). The space-time backgrounds implicit in (2.3) are supposed to feature a light-like
singularity at 7 = 0 and become progressively more classical at large 7. Yet, the explicit
time dependences in (2.3) superficially become more steep, if anything, at large 7. This
issue certainly deserves further clarification. Additionally, there are no supersymmetries ex-
plicit in (2.3). Since supersymmetries are crucial for the free propagation of well-separated
gravitons (and hence, a robust geometrical interpretation) in the flat space matrix theory,
one should attempt to find an analogue of supersymmetry in (2.3) that would enforce a
similar type of dynamics.

To address these important issues, we first note that the metric (2.2) describes a plane
wave and, with the coordinate transformation
a(zi)z +ﬂ(211)2

dat ’

wu=1, 2'=+2arz’, M= (20”_);3/204%11’ v=x" + (2.4)

it can be brought to the Brinkmann form
02(1)? — (B2 — 208)(=1)?
(20u)?

This parametrization forces the metric to manifestly approach Minkowski space-time for

ds? = —2dudv — du?® + (dzi)2 + (dzll)Q. (2.5)

large values of the light-cone time, which strongly suggests that the large time dynamics
of the corresponding matrix theory will likewise approach the flat space matrix theory, if
treated in appropriate variables. (As we shall see below, the convergence towards this limit
is somewhat subtle, but the naive expectation will prove well-grounded.)

The matrix theory corresponding to (2.5) can be constructed from ‘scratch’, as the
metric enjoys the same v-translation isometry as (2.2). More straightforwardly, one can
apply the matrix analogue? of the transformations (2.4) directly to (2.3) to obtain

Sp = /dTTI“{21R [(DTZi)z + (DTZII)2] _ f [[Zi,Zj]Q _|_2[Zi,Z11]2]
oA(Z7) — (B~ 2aﬁ)(Z”)2} (2.6)
B (2ar)? '

Sp = [dr{i6"D,0 — ROT~;[Z°,0] — ROT~11[Z'1,6]} .

2Note that there is no matrix variable corresponding to v, since v becomes the DLCQ circle in the
standard formulation of the matrix theory. The remaining transformations are linear, so the issue of matrix
multiplication ordering never arises.



Note that the Brinkmann form of the matrix action has previously appeared [17] in
the literature (for the 10-dimensional case). However, the action in [17] corresponds to
bringing the 10-dimensional metric to the Brinkmann form, not the 11-dimensional metric
(as we have done presently). Both metrics are of the plane-wave form.

The action (2.6) only differs from the flat space matrix theory by a term decaying as
1/72, thus one may expect that the late time dynamics will be approximated by the flat
space matrix theory and admit the usual space-time interpretation. However, the decay is
quite slow and one might be worried about whether it is sufficient to ensure convergence.

To illustrate these worries, one may look at the straightforward example of a harmonic
oscillator whose frequency depends on time as 1/t%:

.k
4+ 2% = 0. (2.7)

The two independent solutions to this equation can be given as t* and t'=¢

, where a is a
k-dependent number. These two solutions are obviously quite different from a free particle
trajectory, even though the equation of motion approaches that of a free particle at late
times. The reason for this discrepancy is the slow rate of decay of the second term in (2.7).

However, in a physical setting, one is only able to perform finite time experiments.
That is, one has to specify the initial values z(ty) = xg, ©(tg) = vo and examine the

corresponding solution between ¢y and tg + 7'. The solution is given by

l1—a
.%'0(1 — a) — Uoto t “ Uoto — Toa t
t) = . 2.8
z(t) 1-2a <t0> T\ (28)

One can then see that x(tg + 1) = xo + voT + O(T'/ty), i.e., it is approximated by a free
motion arbitrarily well if the experiment starts sufficiently late.

It may be legitimately expected that the finite time behavior of the full time-dependent
matrix theory given by (2.6) will be approximated arbitrarily well by the flat space matrix
theory at late times, just as in the above harmonic oscillator example. We shall now
prove it by constructing an elementary bound on dynamical deviations due to a small
time-dependent term in the Schrédinger equation.

We start with the following Schrédinger equation:

0@ = (o + f(1) ) [9), (2.9)

where Hy and H; are time-independent, and rewrite it in the interaction picture (with
respect to Hy):

@) = e T g i je) = () e O ) (210)

We then proceed to consider

= = (o) le@) + )

= —if(t) ((g(to)y etHot=to) f, e =iHo(t=t0) |¢ (1)) — c.c.) . (2.11)

d 2 d
G 16@) = lg(to))|



Integrating this expression between tg and tg + 7" and making use of standard inequalities
for absolute values and scalar products, we obtain:

to+T
etto+ ) —letto)) | =i [ aus(o) ({00 e () e(e) - e
et
<2 / dt| f(t)y\/ (\eiHo@—to)Hle—iHo<t—t0>£(to)>)2\/ (1€0)))?
to i
<2 (a0 [ty (€00 et R0 (1)) (212
0

Now, assume that f(t) approaches 0 at large times and consider a fixed |{(to)) = |£0) (so
we consider the evolution with fixed duration T' of the same initial state |£y) starting at
different initial times ). In this case, the first factor in the last line becomes arbitrarily
small for large tg, whereas the second factor does not depend on tg. We then conclude that,
for sufficiently late times, the finite time evolution of the state vector will be approximated
arbitrarily well by |£(t)) = const, i.e., by the evolution with f(¢) set identically to 0.

It is then a simple corollary of the above bound that the time-dependent matrix theory
dynamics becomes approximated arbitrarily well at late times by the flat space matrix
theory, and, in particular, the supersymmetry is asymptotically restored (with all the
usual consequences, such as protection of the flat directions of the commutator potential,
and free graviton propagation).

A note may be in order: even though (2.12) does show that for any given experiment
(fixed [£(tg)) = [&o) and fixed T') deviations from the flat space matrix theory become
arbitrarily small for sufficiently large tg, this by no means implies that the convergence is
uniform with respect to |&), which affects the value of the second factor in the last line
of (2.12). This is as it should be: for any ¢y there will be some experiments that will be
able to discriminate between the time-dependent and flat cases (with a given precision),
yet, such experiments will have to become more and more specialized (and less and less
possible) at late times.

3 Matrix string theory

The 10-dimensional “Matrix Big Bang” matrix string theories [1, 17] essentially differ
from the 11-dimensional case we have considered above by the compactness of one of the
space-time dimensions. This feature precludes a straighforward variable redefinition that
would reduce the Lagrangian to a sum of time-independent terms and terms decaying at
large times (because the compactification radius would become time-dependent in the new
variables). We shall therefore need to resort directly to adiabaticity-inspired arguments
to establish the emergence of near-classical space-time far away from the Matrix Big
Bang singularity.



The aim of the construction of matrix string theories [3-5] is to develop a non-
perturbative description of quantum gravity in 10 dimensions (with the perturbative limit
of this description given by the usual perturbative type ITA string theory). For the original
time-dependent Matrix Big Bang matrix string theory of [1], the 10-dimensional geometry
is asymptotic to the linear dilaton configuration:

ds?, = —2dyTdy~ + (dy')?,
¢=-Qy".

To construct the matrix string theory for the background (3.1), one first lifts the

(3.1)

background (3.1) to 11 dimensions via the usual conjecture of type ITA/M-theory corre-
spondence. The resulting 11-dimensional space-time is

ds® = X3 (—2dy*dy + (dy)?) + e AW (dy)?, (3.2)

where y is a coordinate along the M-theory circle. This is followed by the DLCQ compact-
ification of the light-like v-coordinate, interpreted as the M-theory circle of an “auxiliary”
type ITA string theory. A T-duality [24] then relates the resulting theory of D0-branes on
a compact dimension, i.e., a BFSS-like matrix theory with a compactified dimension, to a
more manageable theory of wrapped D1-branes. This procedure has been carried out (in
a slightly different but equivalent way) in [1] and has been reviewed in [25] and [17]. The
resulting matrix string action is

1

o= 2702

/tr (é(D“Xi)Q 010+ Fﬁu—g%M[XiaXj]2+gYM0T%[XﬁH]> . (3.3)

g5\
with the Yang-Mills coupling gy related to the worldsheet values of the dilaton:

e_(b(er (T)) eQT

= . 3.4
27lsgs 27lsgs ( )

agym =

A generalization of this set-up has been proposed [17]. One can start with a 10-
dimensional power-law plane wave:

ds?, = —2dyTdy~ + gi;(y")dy'dy’ = —2dyTdy” + Y (y")* ™ (dy')’

— a a 1 a a
= 92dzTdz™ + ; m ((Z:—)z )(Z )2(d2+)2 + ;(dz )2’ (35)
020 — (y+)3b/(b+1) _ (Z+)3b/(b+1)‘

Here, the first and the second line represent the Rosen and the Brinkmann form of the
same plane wave, respectively. In order for the supergravity equations of motion to be
satisfied, one needs to impose [17]

Zmi(mi_l):_b?fl' (3.6)

The original background of [1] can be seen as a b — —1 limit of the above space-time [17].



The 11-dimensional space-time corresponding to (3.5) is

ds?, = —2dudv + Z u? (dy')? + u® (dy)? (3.7)

(2

= —2dudw + ) na(n;— D (2")?(du)? + o6 -

- Y2 (du)? + 3 (de)? + (da),
a

with n; related to m; by 2m; = (2n;+0)/(b+1). Note that, since the Rosen and Brinkmann
coordinates (first and second line in the above formula) are related by a u-dependent
rescaling of the transverse coordinates, the identification of the (compact) z-variable is
u-dependent. Thus, even though the second line of (3.7) approaches a flat space-time at
large values of u, the time-dependent identification of x makes an immediate application
of the derivations of the previous section impossible.

The usual formulation leads to a matrix string action, whose bosonic part is given, in
the Rosen coordinates of (3.5), by

1 1 4 ,
Src = / drdo Tr ( -, Geen® NP FopFys — 277°‘Bgij(7')DaXzDﬁX]

1 o
+ Roag () ()X, X7, X1 ). (3.5
with the transverse metric g;; given by the first line of (3.5) and the Yang-Mills coupling
by

e~ O (7)) F=3b/204D)

= = . 3.9
M 27Tlsgs 27”895 ( )

One can further transform this action to the Brinkmann coordinates of the original plane
wave, given by the second line of (3.5), to obtain [17]:

1 1
Spc = /deO’ Tr ( — 4g§§4FT20 5 (D.Z°D;Z% — Dy Z°D,Z%)
1 1
Ral2 22 2 A2, o)

where Ay, = diag{m,(m, — 1)}/7%. The latter form of the action only differs from a SYM
gauge theory with a time-dependent coupling by the term involving A,,. The contribution
of this term at late times can be shown to be negligible by an argument very similar to the
one employed for the 11-dimensional case in the previous section.

We thus end up at late times, both for the original Matrix Big Bang of [1] and for its
generalization [17], with a super-Yang-Mills theory with a growing time-dependent coupling
that is a power-law or exponential function of time, and we have to analyze this particular
large time large coupling limit. Again, a puzzling feature here is that the time dependences
remain steep at large values of 7 (set equal to y™ by the gauge choice), far away from the
singularity of the original plane wave. The question of what happens at late times has been
discussed in the literature [1, 22] without definitive quantitative answers provided.

The large coupling limit of the time-independent super-Yang-Mills theory is essential
to the gravitational interpretation of the flat space matrix string theory [5]. Note that this



limit is distinct from the one we have to consider (time-dependent versus time-independent
theory), however, in the adiabatic regime that our considerations will establish, properties
of the time-dependent theory are related to properties of time-independent “snapshots” of
the time-dependent Hamiltonian. We shall now assume the standard conjectures about
the large coupling behavior of the time-independent theory [5] and show that they result
in an emergence of an adiabatic regime within the time-dependent theory. The relevant
manipulations will be carried out in a pragmatic fashion, leading to a construction of the
low-curvature limit. We shall explain the relation of these manipulations to the general
adiabatic theory in the next section.

In [5], time-independent super-Yang-Mills theories have been conjectured to converge
in the infrared (gyym — o0) limit to a sigma model conformal field theory on a permutation
orbifold (with target space SVYR® = (R®)V /Sy, where Sy permutes the N copies of R®)
at finite N (and to second quantized free strings on Minkowski space in the large N limit).
The considerations given in support of this claim are not rigorous, so we shall have to make
natural assumptions below about which particular form of convergence is implied.

Firstly, we assume that convergence occurs at the level of eigenstates: we postulate
that there exists a family of eigenvectors |¥,,(gym)) of Hym(gym) such that

=60,
(A 0@ (g} = w5 4570 (3.11)
k=1 “YM

> 0E,
Hym [ ¥ (gvm)) :<Eze““‘°“>‘+2 o k)\wgm» = En(gvm) [Ua(gvn)) - (3.12)
k=1 JYM

Here |[{4,0(x)}) symbolically denotes eigenstates of the canonical coordinates of the super-
Yang-Mills theory (the details depend on the quantization procedure). Their appearance
in the above expressions is necessary to compare wave-vectors of super-Yang-Mills theo-
ries at different values of the coupling (which are technically defined in different Hilbert
spaces). Further, Wrermor® and EPe™o™ denote wave-functionals of energy eigenstates of
the permutation orbifold conformal field theory and their corresponding energies. (The
above set-up assumes that the spectrum at finite gy is a continuous deformation of the
limiting spectrum at gyy — oo. This may not always be so, for example, a discrete spec-
trum of bound states at finite gy may merge in the continuum at gyy — oo. However,
we are not aware of any such states in the context of perturbative string theory, nor do
we anticipate that they could have any dramatic effect on our considerations. We shall
therefore assume (3.12) for our present purposes.) Note also that our summation over n is
a symbolic notation that implies integration over the continuous spectrum and summation
over all discrete eigenvector labels, and none of our derivations use any assumptions about
discreteness of the spectrum.

If the Hilbert space were finite-dimensional, the above conditions would guarantee
that the dynamical behavior of the theory reaches the free string limit suggested in [5]
at large values of gynm. However, for an infinite-dimensional space of states, additional
conditions enforcing not-too-poor convergence of highly excited eigenstates need to be

imposed. Indeed, in a physical setting, in order to declare that one theory approaches



another in a certain limit, one needs to ascertain that the evolutions of the two theories
become arbitrarily close to each other for any finite energy normalizable initial state and for
any finite duration of the experiment. Furthermore, this convergence needs to be uniform
for all normalizable initial states with energies below some fixed value and all experiments
lasting less than some given duration (for, were it not so, there would always exist some
finite energy finite duration experiments discriminating between the two theories with a
finite precision). We embody these conditions in a statement that

3 eue BT (o) = e T T 137

k= 1gYM

with 3~ |e,|? = 1 and ¢y, being a set of normalizable wave-functionals. We further impose
that the norms of ¢, are uniformly bounded for any 7" less than a chosen fixed value and
for any initial state energy >_ Erer™o™ ¢, |2 less than a chosen fixed value.

We shall assume something slightly stronger than (3.13). Namely, we shall assume
that the Yang-Mills coupling constant in the energies and eigenvectors on the left-hand side
of (3.13) can be sent to infinity independently, still resulting in a power series expansion:

S e BT ({4, 0(@)} W (g2)) = 3 ene BRI T S VR g )

n n im0 I192
(k,1)#(0,0)
with the same type of uniformity specifications we made under (3.13). We shall further
assume that (3.14) can be differentiated with respect to 7" without losing uniformity, which
yields (with 7" set to 0 and go sent to infinity):

oo
Z Cn(En (gYM) _ Egerm.orh perm orb. Z q]: . (315)
k=1 Iym

n

As before, all these conditions are identical to (3.12) for any finite-dimensional space of
states, but in an infinite-dimensional space, they constrain the convergence (in gyn) at
large n. (These conditions are still considerably milder than demanding uniformity of con-
vergence in n, which would be quite unphysical.) There is a possibility that the derivations
below can be made without relying on anything beyond (3.13), but we have not been able
to devise such an argument.

Now we turn to the Schrodinger equation of the time-dependent super-Yang-Mills

theory

i %) = Hou(ov(0) [9) (3.16)

and expand the state vector in the basis given by (3.12):

= 3 alt) nlo(0) (3.17)
This yields

i S (v (algyn)| dgiM [Wu(gva1)) = Enlgat)en(t). (3.18)

,10,



We can rewrite this equation as

den,

Lt

B ey Y Hpmm (1), (3.19)
m

where H,,,, are bounded by a negative power of gy:

Hy = O(1/g%0)s (3.20)

with the precise value of the power depending on whether gy is a power-law or exponential
function of . Note that the relevant coupling dependence coming from the second term on
the left-hand side of (3.18) is gym/g%y, Whereas the energy corrections on the right-hand
side of (3.18) are of order 1/gyn.

The fact that the matrix elements H,,, are decreasing functions of time suggests
(though by no means in a conclusive way) that the evolution approaches that of the per-
mutation orbifold CFT at late times. We shall now analyze (3.19) in more detail to establish
that this convergence does indeed take place.

Consider first a Schrodinger equation of the form

id
dt

where Hj is time-independent.? In parallel to the derivations of the previous section, we

|®) = (Ho + Hi(1))|®), (3.21)

can rewrite it in the interaction picture (with respect to Hp):

R ORI CE)

®) — o iHo(t—to) ;
@) = et ey

We then proceed to consider

i [£(t)) — [€(to)) ‘2 _ ((E(to) |€(1)) + c.c.)

ot (3.23)

— i ((&(to)| €00 Hy (1)~ 000 [¢(1)) — c.c.)

Integrating this expression between tg and tg + T and making use of standard inequalities
for absolute values and scalar products, we obtain:

to+T
to + ) ~ le(to)) | = / dt (000 Hy (1) Ho =100 (1) [€(1)) — c.c.)
<2 / dt || etHott—10) Hy (£)e=Hot=10) |¢ (1) |1/ | €6 12
t;
-7 / i/ [ (¢ + to)e= M0t [€(to)) | (3.24)

0

3Tt is an interesting mathematical question, to which the authors do not know the answer, what precise
conditions should be imposed on H;(t) in order to make its contribution to the evolution small. There
are many notions of convergence for Hilbert space operators, and saying that H1(t) becomes small in some
limit is vacuous, unless the precise manner of convergence is specified.
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For the Schrodinger equation (3.19), the state vector is given by the set of numbers {¢,},
and we take Hy to be the first term on the right-hand-side, and H;(t) to be the second
term (the detailed expression for H; can be read off from (3.18)). We furthermore denote
|€(t0)) = {01(10)}7 and observe that

Hi(t +to)e "o € (to))

) d .
EEZ@WM%@mm+mmd demﬁ%mﬁmkﬁﬁmmﬂ&v
gYM

m

+ (En(gYM(t + tO)) _ Ezerrn‘orb) eXp [_Z'Ezernmorb‘t] cslo). (325)

The norm of the first term (i.e., the sum over n of the square of its absolute value) is equal
to the norm of the Hilbert space vector

QYM Z 01(”2) eXp [_Z'Ez?rm4orb4t]

m

dovas (W (gym(t +t0))) (3.26)

(we use > |V (gym(t + o)) (¥n(gym(t +t0))] = 1) and it is bounded (uniformly with
respect to t) by the go-derivative of the condition (3.14) with g; — 0o to be O(gym/g%y)-
The norm of the second term is bounded (uniformly with respect to t) by (3.15) to be
O(1/gym). Since the bounds are uniform with respect to ¢, they can be immediately
integrated in (3.24).

We then conclude that

Elto+T)) — [6(t0)) | = T O/ (t0)). (3.27)

i.e., deviations from the free string on the permutation orbifold become arbitrarily small at
large tg. Just as in the previous section, supersymmetry restoration at late times becomes
a simple corollary of the above bound.

4 Adiabaticity

In the preceding sections we have derived bounds controlling the convergence towards
the late-time limit of time-dependent matrix theories. A reader familiar with quantum
adiabatic theory (see, e.g., [26]) will immediately recognize the structure of our manip-
ulations. Indeed, for both 11-dimensional and 10-dimensional cases, we have related the
time-dependent theory to properties of time-independent theories (flat space matrix theory,
super-Yang-Mills theories), which is characteristic of the adiabatic approximation. In this
section, we shall briefly review quantum adiabatic theory and display its connections to
the derivations in the previous sections.

Given a general quantum system with a time-dependent Hamiltonian H (t) and a state
vector |W) satisfying the Schrédinger equation

d

i 19) = (D) W), (1)
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one can always expand the state vector in a (time-dependent) basis of instantaneous eigen-
vectors |W,,(t)) of H(t):

0) = cn®) [Wnlt)),  H(E)|a(t) = Ealt) [Ya(t). (4.2)

Note that our summation over n is a symbolic notation that implies integration over the
continuous spectrum and summation over all discrete eigenvector labels, and none of our
derivations use any assumptions about discreteness of the spectrum. The Schrédinger
equation then takes the form

dep d
1 dt + Z%:Cm(t) <\Iln(t)’ dt ’\Ilm(t» - En(t)cn(t)' (4'3)

An adiabatic regime occurs when the second term on the left hand side becomes small.
Heuristically, this happens when H (t) varies slowly in some sense, and so do |¥,(t)), so
that their derivatives can be neglected. In general, it is difficult to spell out more handy
conditions for the emergence of this regime. However, in particular cases, simple and
explicit adiabatic parameters can be constructed, as we shall see below.

If the second term on the left hand side of (4.3) can indeed be neglected, the equations
can be solved trivially to yield

en(t) = Ch exp [—z’ / thn(t)}, o) = zn:cn exp [—z’ / thn(t)} W0, (4.4)

Note the close similarity between these approximate adiabatic solutions to the time-
dependent Schrodinger equation and the familiar solutions to a time-independent
Schrodinger equation: |¥) = > C, exp [—iE,t]|¥,). (The stationary eigenvectors |¥,,)
are simply replaced by the instantaneous eigenvectors |V, (¢)), and the F,t in the phase
factors are simply replaced by [ dtE,(t).)

The relation between the time-dependent and time-independent systems becomes even
more straightforward if the instantaneous spectrum E,, (t) of H(t) scales uniformly as a
function of time, namely,

En(t) = At)EY, (4.5)
where the E,(LO) do not depend on time. In that case, the phase factors in (4.4) become
simply [—iET(LO) J dt)\(t)}, in other words, they differ from the stationary case only by
replacing t with [ dtA(t), independently of which state vector one is dealing with.

For the class of systems characterized by (4.5), it is convenient to perform a variable re-

definition in the Schrodinger equation. Eq. (4.5) implies that there exists a time-dependent
unitary transformation S(¢) such that

ST(t)H(t)S(t) = \(t)Ho, (4.6)
)

where Hy does not depend on time and possesses the spectrum E,SO . One can then introduce

|®) = ST(t) | W), satisfying

ii D) + (sT(t);iS(t)) 1B) = A\(t)Ho |®) . (4.7)
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An adiabatic regime occurs when the second term on the left hand side can be neglected
compared to the right hand side. The time dependence responsible for this relation between
the two terms can be isolated into the operator

A(lt) (s*(@isg)) . (4.8)

If the second term on the left hand side of (4.7) can indeed be neglected, the equation is
solved to yield

t

W () = S() |(t)) = S(t) exp |—iHo / diA(t) | ST (t0) |9 (10)) (4.9)

to

The evolution is essentially that of a stationary system described by Hj, except that a
unitary transformation S(t) is performed and the “time flow” is deformed from ¢ to [ dtA(t).

The situation simplifies further if S(¢) corresponds to a (time-dependent) linear trans-
formation of the canonical coordinates

qr = sk ()@ (4.10)

(and the corresponding transformation of the canonical momenta):

S(t) = \/dets/dq|s q) (q| = \/dlets /dq|q> <sflq|. (4.11)

Differentiating S(¢) with respect to ¢ is somewhat subtle and is most conveniently performed

using
dy g \_d “1 N (o=l —1
g5 = 0 —s7le) = (—s71q)j Bkd(x — 571 2
= i(s s ) pprd(z — s q) = i(sT8) mprds ‘s_1q> .
Then,
d dets)” . 4. i, .
i’ =75 <— (2 det)s —i(s 1S)qumk> =5 (-2(5 15)kl{‘1l7pk}> : (4.13)
Hence, (4.7) takes the form
d 1, .
U |P) + 2(s Y8) w{an, pr} | @) = A(t)Hy |®) . (4.14)

All the time dependences have now been isolated into numerical pre-factors of the operators.
The characteristic ratios (adiabatic parameters) quantifying the neglect of the second term

on the left hand side with respect to the right hand side can now be given* as a matrix:
71 .
sT°S
4.15

“For the simple systems we are now considering, a purely classical consideration involving the trans-
formation g = ski(t)q; would produce the same adiabatic parameters. The way we have derived them
here implies automatically their validity for the quantum case, which is the physically relevant regime for
gravitational matrix models.

— 14 —



One can examine how the above formulas work for the familiar case of a time-dependent
harmonic oscillator with H(t) = (p? +w?(t)z?)/2. If one makes use of (4.11) corresponding
to the transformation x = #/\/w, one obtains ST(t)H(t)S(t) = w(p® + x?)/2. In other
words, our above analysis applies with s = 1/y/w and A = w, so that (4.15) becomes
simply proportional to w/w?, i.e., the relative change of w per period of the oscillations,
which is the familiar adiabatic parameter of the harmonic oscillator. The new Hamiltonian
after the transformation has been effected can be read off (4.14) as

- w w
- 2, 2
2(1) +l‘)+4w

We now turn to the derivations of the preceding sections. The variable redefinition (2.4)

(px + ap). (4.16)

we have employed for the 11-dimensional matrix theory is precisely of the form (4.10), and
it converts the time-dependent system to a time-independent system plus a correction de-
caying at large times. If we forget about the geometrical interpretation of this variable
redefinition, it simply becomes a particular case of (4.10) demonstrating that the (superfi-
cially steep) time dependences in the Rosen form matrix theory action (2.3) in fact become
adiabatic at late times, and the system is well approximated by its time-independent coun-
terpart, i.e., the flat space matrix theory.

For the 10-dimensional case, equations (3.17)—(3.18) are precisely of the
form (4.2)-(4.3). Furthermore, (4.5) is almost satisfied at late times (because the
spectrum approaches a constant limit). Our analysis of the 10-dimensional case shows
explicitly that the second term on the left-hand side of (3.18) can be neglected in
comparison to the other terms (provided that the convergence of time-independent matrix
string theories to the Dijkgraaf-Verlinde-Verlinde limit is sufficiently tame), which is by
definition the adiabatic regime.

One may try to object that adiabaticity is not a relevant term for our discussions,
since a variable redefinition brings the equations of motion to the form where all the time
dependent terms become small at large times. This objection is vacuous, however, since it
would also apply to a wide range of systems commonly thought of as adiabatic. Indeed,
if E,(t) in (4.3) approaches a constant limit at late times, (4.3) will take the form where
all the time dependent terms become small at large times whenever an adiabatic regime
occurs at late times, in this general setting. Likewise, the familiar time-dependent harmonic
oscillator H(t) = (p? + w?(t)z?)/2, the simplest system used for text book demonstrations
on adiabaticity, can be converted to

2 2
p -+ w
=000 4 e ), (4.17)

H{(t)
if we start from (4.16) and introduce a new time variable 7 = [ dtw(t) (the dot in the
above formula still denotes the derivative with respect to the old time ¢ to maintain the
familiar expression for the adiabatic parameter, w/w? = d,w/w). Then there is a one-to-
one correspondence between the adiabatic regime and the (new) Hamiltonian being almost
constant: both occur when the adiabatic parameter &/w? is small. Yet, this mathematical
structure does not prevent anyone from employing the term ‘adiabatic’ for the adiabatic

regime of a time-dependent harmonic oscillator.

,15,



There appears to be widespread intuition that adiabaticity in quantum mechanics
is somehow connected to discreteness of the energy spectrum, and adiabatic parameters
emerge from comparisons of the rate of change of various terms in the Hamiltonian to
energy spacings in the discrete spectrum. This intuition stems from the simplest versions
of adiabatic theorems (proved, for example, in [26]), which are sufficient, but certainly
not necessary conditions for adiabaticity.” To dispel the doubts regarding adiabaticity in
systems with a continuous spectrum, one may simply notice that an inverted harmonic
oscillator H(t) = (p? — w?(t)x?)/2 can be brought to the form

2 2

—x w
H(t) = p 5 + 12 (px + xp) (4.18)

by the same transformations we used in obtaining (4.17). This system will be adiabatic
whenever & /w? is small by virtue of the bound (2.12), irrespectively of the fact that the
spectrum is entirely continuous. For the matrix theories we have explored in this article,
adiabaticity has been proved by constructing explicit bounds on deviations from the strictly
adiabatic evolution.

5 Conclusions

We have considered the low-curvature regime of time-dependent matrix theories and ma-
trix string theories, and displayed the relation between the emergence of near-classical
space-time and adiabaticity of the time dependences in the matrix theory actions. In this
context, supersymmetry of the matrix theories (explicitly broken by the time dependence)
is naturally restored at low curvatures, and the conventional space-time interpretation of
matrix theories becomes viable.
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®One must also keep in mind that there are different ways to reach the limit of slow relative variation of
the Hamiltonian, and they may result in different adiabatic parameters. For example, in adiabatic theorems
proved in [26], one considers a general Hamiltonian H(sT') where s changes between 0 and 1, and the limit
of slow variation is reached by sending T' to infinity. The evolution is examined between sT° = 0 and
sT = T, and demanding adiabaticity is a very strong requirement, since the non-adiabatic terms should

produce a negligible contribution even over the huge time interval T. We study adiabatic evolution on finite
time intervals for Hamiltonians of a very particular form.
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Using the holographic mapping to a gravity dual, we calculate 2-point functions, Wilson loops, and
entanglement entropy in strongly coupled field theories in d = 2, 3, and 4 to probe the scale dependence
of thermalization following a sudden injection of energy. For homogeneous initial conditions, the
entanglement entropy thermalizes slowest and sets a time scale for equilibration that saturates a causality
bound. The growth rate of entanglement entropy density is nearly volume-independent for small volumes
but slows for larger volumes. In this setting, the UV thermalizes first.
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It is widely believed that the observed nearly inviscid
hydrodynamics of relativistic heavy ion collisions at col-
lider energies is an indication that the matter produced in
these nuclear reactions is strongly coupled [1]. Some such
strongly coupled field theories can be studied by using the
holographic duality between gravitational theories in
asymptotically anti—de Sitter (AdS) space-times and quan-
tum field theories on the boundary of AdS. The thermal
state of the field theory is represented by a black brane in
AdS, and near-equilibrium dynamics is studied in terms of
perturbations of the black hole metric. A key remaining
challenge is to understand the far from equilibrium process
of thermalization. The AdS/CFT correspondence relates
the approach to thermal equilibrium in the boundary theory
to black hole formation in the bulk.

Recent works studied the gravitational collapse of en-
ergy injected into AdSs and the formation of an event
horizon [2]. These works started from locally anisotropic
metric perturbations near the AdS boundary and studied
the rate at which isotropic pressure was established by
examining the evolution of the stress tensor. By studying
gravitational collapse induced by a small scalar perturba-
tion, the authors of Ref. [3] concluded that local observ-
ables behaved as if the system thermalized almost
instantaneously. Here we model the equilibrating field
configuration in AdS by an infalling homogeneous thin
mass shell [4,5] and study how the rate of thermalization
varies with spatial scale and dimension. We consider 2d,
3d, and 4d field theories dual to gravity in asymptotically
AdS;, AdS,, and AdSs space-times, respectively. Our
treatment of 2d field theories is analytic.

Expectation values of local gauge-invariant operators,
including the energy-momentum tensor and its derivatives,

0031-9007/11/106(19)/191601(4)
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provide valuable information about the applicability of
viscous hydrodynamics but cannot be used to explore the
scale dependence of deviations from thermal equilibrium.
Equivalently, in the dual gravitational description these
quantities are sensitive only to the metric close to the
AdS boundary. Nonlocal operators, such as Wilson loops
and 2-point correlators of gauge-invariant operators, probe
the thermal nature of the quantum state on extended spatial
scales. In the AdS language, these probes reach deeper into
the bulk space-time, which corresponds to probing further
into the infrared of the field theory. They are also relevant
to the physics probed in relativistic heavy ion collisions,
e.g., through the jet quenching parameter ¢ [6] and the
color screening length.

A global probe of thermalization is the entanglement
entropy S4 [7,8] of a domain A, measured after subtraction
of its vacuum value. In the strong coupling limit, it has
been proposed that S, for a region A with boundary dA in
the field theory is proportional to the area of the minimal
surface vy in AdS whose boundary coincides with dA: S, =
Area(y)/4Gy, where Gy is Newton’s constant [8]. Thus,
for a (d = 2)-dimensional field theory, S is the length of a
geodesic curve in AdS; (studied in Ref. [9]); ford = 3, S,
is the area of a 2d sheet in AdS, (studied in Ref. [10]); and
ford = 4, §, is the volume of a 3d region in AdSs.Ind =3
the exponential of the area of the minimal surface that
measures S, also computes the expectation value of the
Wilson loop that bounds the minimal surface. Wilson loops
in d = 4 correspond to 2d minimal surfaces as well.

First, we consider equal-time 2-point correlators of
gauge-invariant operators O of large conformal dimension
A. In the dual supergravity theory this correlator can be
expressed, in the semiclassical limit, in terms of the length

© 2011 American Physical Society
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L(x, 1) of the bulk geodesic curve that connects the end
points on the boundary: (O(x, r)O(0,1)) ~exp[—A L(x,1)]
[11]. When multiple such geodesics exist, one has to con-
sider steepest descent contours to determine the contribu-
tion from each geodesic.

We consider a (d + 1)-dimensional infalling shell ge-
ometry described in Poincaré coordinates by the Vaidya
metric

1
ds® = ?{—[1 — m(v)z?]dv? — 2dzdv + dx?}, (1)

where v labels ingoing null trajectories, and we set the AdS
radius to 1. The boundary is at z = 0, where v coincides
with the observer time ¢. The mass function of the infalling
shell is

m(v) = (M/2)[1 + tanh(v/v,)], (2)

where v, determines the thickness of a shell falling along
v = (. The metric interpolates between vacuum AdS in-
side the shell and an AdS black brane geometry with
Hawking temperature T = dM'/4 /47 outside the shell.
2-point functions agree with those of a boundary field
theory at thermal equilibrium only if they are dominated
by geodesics that stay outside the shell.

The geodesic length £ diverges due to contributions
near the AdS boundary. We introduce an ultraviolet
cutoff z, and define a renormalized correlator 6L =
L + 21n(zy/2) by removing the divergent part of the cor-
relator in the vacuum state (pure AdS). The renormalized
equal-time 2-point function is (O(x,1)O(0, 1)), ~
exp[—AS L(x,1)]. We compute the renormalized correla-
tor as a function of x and ¢ in a state evolving towards
thermal equilibrium and compare it to the corresponding
thermal correlator. In the bulk, this amounts to computing
geodesic lengths in a collapsing shell geometry and com-
paring them to geodesic lengths in the black brane geome-
try (8 Lipermar) Tesulting from the collapse.

We study geodesics with boundary separation € in the x
direction in AdS;, AdS,, and AdSs; modified by the infal-
ling shell. The end point locations are denoted as
(v, z, x) = (1, 29, =€/2), where z, is the UV cutoff. The
lowest point of the geodesic in the bulk is the midpoint
located at (v, z, x) = (v, Z«, 0). Geodesics are obtained by
solving differential equations for the functions v(x) and
z(x) with these boundary conditions and are unique in the
infalling shell background. The length of the geodesics is
L, 1)) =2 fg/z dxz.z(x) 2. In empty AdS, this gives the
renormalized geodesic length 6 L 45 = 21In(€/2).

A numerical solution for the length of geodesics cross-
ing the shell in the d = 2 (AdS;) case was obtained in
Ref. [9]. We checked that physical results do not depend
significantly on the shell thickness when v is small and
then derived an analytical solution in the vy — O limit:

sinh(\/ﬁto)]y 3)

8£(€, to) = ZIH[W
» 0

where s({, 1)) € [0, 1] is parametrically defined by

+ 2 + —
¢ — L[% N ln(2(1 c)p* + 2sp c)]
sp 2(1 +c)p* —2sp — ¢

VM
2
2p = coth(~/Mty) + \/cothz(\/Mto) - Tcl
c

“4)

with ¢ = +/1 — s*and p = (v/Mz,)~'. Here z,. is the radial
location of the intersection between the geodesic and the
shell. For any given ¢, at sufficiently late times, the geo-
desic lies entirely in the black brane background outside
the shell. In this case the length is

8 Liperma () = 21n[(1/¥/M) sinh(vM€/2)],  (5)

representing the result for thermal equilibrium.

We use these analytic relations in d =2 and find
8L, 1y) in d = 3,4 by numerical integration. We mea-
sure the approach to thermal equilibrium by comparing 6 £
at any given time with the late time thermal result (see
Fig. 1). In any dimension, this compares the logarithm of
the 2-point correlator at different spatial scales with the
logarithm of the thermal correlator. For d = 2, the same
quantity measures by how much the entanglement entropy
at a given spatial scale differs from the entropy at thermal
equilibrium.

Various thermalization times can be extracted from
Fig. 1. For any spatial scale we can ask for (a) the time
Tqur Until full thermalization (measured as the time when
the geodesic between two boundary points just grazes the
infalling shell), (b) the half-thermalization time 7, /,, which
measures the duration for the curves to reach half of their
equilibrium value, and (c) the time 7,,,, at which thermal-
ization proceeds most rapidly, namely, the time for which
the curves in Fig. | are steepest. These are plotted in Fig. 2.
In d =2 we can analytically derive the linear relation
Tqur = £/2, as also observed in Ref. [9].

The linearity of 74,.(€) in 2d is expected from general
arguments in conformal field theory [7], and the coefficient
is as small as possible under the constraints of causality.
The thermalization time scales 7, and 7, for 3d and 4d
field theories (Fig. 2, middle and right) are sublinear in the

@ 7777 o ° 77 (© °
/s A A N S i
E Sl = i ! Ly
E-01p 7 £-0.1 i £-0.1 i
! \—IE g III ,' i 5 .t 4 /‘I : 5 - /I
/ .
T-02p S T-02t S T-02f .. ‘
'S - T 'S
“w /’ o w
~0.3} -03 -0.3

Iy

=4

Iy

FIG. 1 (color online). 8L — 8 Lyerma (L = L£/€) as a func-
tion of boundary time #, for d = 2, 3,4 (left, right, middle)
for a thin shell (vy = 0.01). The boundary separations are
€ =1,2,3,4 (top to bottom curve). All quantities are given in
units of M. These numerical results match analytical results for
d=72asvy— 0.
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FIG. 2 (color online). Thermalization times (7g4,, top line;
Tmax> Middle line; 7;/,, bottom line) as a function of spatial
scale for d = 2 (left), d = 3 (middle), and d = 4 (right) for a
thin shell (v, = 0.01). All thermalization time scales are linear
in € for d = 2 and deviate from linearity for d = 3, 4.

spatial scale. In the range we study, the complete thermal-
ization time 7y, deviates slightly from linearity and is
somewhat shorter than €/2. We will later discuss whether
a rigorous causality bound for thermalization processes
exists or not.

In 2d ““quantum quenches’” where a pure state prepared
as the ground state of a Hamiltonian with a mass gap is
followed as it evolves according to a different, critical
Hamiltonian, a nonanalytic feature was found where ther-
malization at a spatial scale ¢ is completed abruptly at
Taur(€) [7,9]. An analogous feature is evident in Fig. 1 (left)
as a sudden change in the slope at 74,., smoothed out only
by the small nonzero thickness of the shell or, equivalently,
by the intrinsic duration of the injection of energy. We find
a similar (higher-order) nonanalyticity for d = 3, 4 (Fig. 1,
middle and right) and expect this to be a general conse-
quence of abrupt injection of energy in any dimension.

Figure 2 shows that complete thermalization of the
equal-time correlator is first observed at short length scales
or large momentum scales (see also [5]). While this behav-
ior follows directly in our setup with a shell falling in from
the (““UV”") boundary of AdS, this “top-down” thermal-
ization contrasts with the behavior of weakly coupled gauge
theories even with energy injected in the UV. In the
“bottom-up’” scenario [12] applicable to that case, hard
quanta of the gauge field do not equilibrate directly by
randomizing their momenta but gradually degrade their
energy by radiating soft quanta, which fill up the thermal
phase space and equilibrate by collisions among them-
selves. This bottom-up scenario is linked to the infrared
divergence of the splitting functions of gauge bosons and
fermions in perturbative gauge theory. It contrasts with the
“democratic’ splitting properties of excitations in strongly
coupled super Yang-Mills theory that favor an approxi-
mately equal sharing of energy and momentum [13].

The thermal limit of the Wightman function that we
studied above is a necessary but not a sufficient condition
for complete thermalization. To examine whether thermal-
ization proceeds similarly for other probes, we also studied
entanglement entropy and spacelike Wilson loop
expectation values in 3d (following [10]) and 4d field
theories. Entanglement entropy in 3d field theories is holo-
graphically related to minimal surfaces in AdS, and hence

(@ 0 7 b (¢ © -
;s / 7
_ 7 . /
g i = g v = i
£-0.03 [/ H i £ i
< i : ;i R R
= i
3 A 3 0.03 Y = / f;
; Ay
' _0.06f J '3 > s
< L~ 004}
0. 1 2 -0.06 i 3 0. 1 2

FIG. 3 (color online). 8 A — 8 A pema (A = A/7R?; left
and middle panels) and 6V — 8V yemat [V = V/(47R?/3); right
panel] as a function of ¢, for radii R = 0.5, 1, 1.5, 2 (top curve to
bottom curve) and mass shell parameters vy = 0.01, M = 1, in
d =3 (left panel) and d =4 (middle and right panel) field
theories.

to the logarithm of the expectation value of Wilson loops.
We considered circular loops of radius R in d = 3, 4. The
minimal spacelike surface in AdS,;; whose boundary is
this circular loop extends into the bulk space radially and
into the past. The tip occurs at (v, z,, X = 0). The cross
section at fixed z and v is a circle, and thus the surface is
parameterized in terms of the radii p of these circles. The
overall shape minimizes the action for the two functions

z(p) and v(p):

A[R]= 277[: dpg\/l —[1—=m(v)z¢]v* —27v', (6)

where 7/(p) = dz/dp, etc. The resulting Euler-Lagrange
equations can be numerically integrated. We regularize the
area by subtracting the divergent piece of the area in
“empty” AdS: § A[R] = A[R] — (R/zy). Entanglement
entropy of spherical volumes in d = 4 is similarly com-
puted in terms of minimal volumes in AdSs by minimizing
an equation similar to (6) and defining §V[R] by subtract-
ing the divergent volume in empty AdS.

The deficit area 6 A — 8 A perma for Wilson loops in
d = 3,4 and the deficit volume 0V — 0V yema are plotted
in Fig. 3 for several boundary radii R as a function of the
boundary time f,. By subtracting the thermal values, we
can observe the deviation from equilibrium for each spatial
scale at a time #;. Comparing the three thermalization times
defined earlier as a function of the loop diameter (Fig. 4),
we find that for the entanglement entropy in d = 3, 4, the
complete thermalization time 74, (R) is close to being a
straight line with unit slope over the range of scales that we

2 7 2. 2 7
.'/ 1"' "
P g < s g
s // s
-1 ~ -1 R -1 e
/ d Z
’ Y rd
’ Kd ¢
4 '/ 4
7 '/ 7’
0. 0. 0

0 1 2 0 1. 2 0 1 2

R R R

FIG. 4 (color online). Thermalization times (74, top line;
Timax» Middle line; 7, /,, bottom line) as a function of the diameter
for circular Wilson loops in d = 3,4 (left, middle) and for
entanglement entropy of spherical regions in d = 4 (right).
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FIG. 5 (color online). (Left) Maximal growth rate of entangle-
ment entropy density vs radius of entangled region for d =
2,3, 4 (top to bottom). (Middle) The same plot for d = 2, larger
range of €. (Right) Maximal entropy growth rate for d = 2.

study (as observed in [10] for d = 3). On the other hand,
for Wilson loops in d = 4, 74,.(R) deviates somewhat from
linearity and is shorter than R.

Our thermalization times for Wilson loop averages and
entanglement entropy seem remarkably similar to those for
2-point correlators (after noting that R here is the radius of
the thermalizing region and € in Fig. 2 is the diameter).
Slightly ‘““faster-than-causal” thermalization, possibly due
to the homogeneity of the initial configuration, seems to
occur for the probes that do not correspond to entanglement
entropy in each dimension. For the latter, the thermalization
time is linear in the spatial scale and saturates the causality
bound. As the actual thermalization rate of a system is set by
the slowest observable, our results suggest that in strongly
coupled theories with a gravity dual, thermalization occurs
““as fast as possible™ at each scale, subject to the constraint
of causality. Taking the thermal scale € ~ 71/ T as the length
scale, this suggests that for strongly coupled matter
Taur ~ 0.51/T, in particular, 74, ~ 0.3 fm/c at heavy ion
collider energies (T = 300-400 MeV), comfortably short
enough to account for the experimental observations.

The average growth rate of the coarse grained entropy in
nonlinear dynamical systems is measured by the
Kolmogorov-Sinai (KS) entropy rate hgg [14], which is
given by the sum of all positive Lyapunov exponents. For a
classical SU(2) lattice gauge theory in 4d, hgg has been
shown to be proportional to the volume [15]. For a system
starting far from equilibrium, the KS entropy rate generally
describes the rate of growth of the coarse grained entropy
during a period of linear growth after an initial dephasing
period and before the close approach to equilibrium [16].
Here we observe similar linear growth of entanglement
entropy density in d = 2, 3,4 [Figs. 1(a), 3(a), and 3(c)].
For small boundary volumes, the growth rate of entropy
density is nearly independent of the boundary volume
[almost parallel slopes in Figs. 1(a), 3(a), and 3(c) and
nearly constant maximal growth rate in Fig. 5(a)].
Equivalently, the growth rate of the entropy is proportional
to the volume—suggesting that entropy growth is a local
phenomenon. However, in d = 2 where our analytic results
enable study of large boundary volumes ¢, we find that the
growth rate of the entanglement entropy density changes
for large ¢, falling asymptotically as 1/¢ [Fig. 5(b)].
Equivalently, the entropy has a growth rate that approaches

a constant limiting value for large € [Fig. 5(c)] and thus
cannot arise from a local phenomenon. This behavior
suggests that entanglement entropy and coarse grained
entropy have different dynamical properties.

We have investigated the scale dependence of thermal-
ization following a sudden injection of energy in 2d, 3d,
and 4d strongly coupled field theories with gravity duals.
The entanglement entropy sets a time scale for equilibra-
tion that saturates a causality bound. The relationship
between the entanglement entropy growth rate and the
KS entropy growth rate defined by coarse graining of the
phase space distribution raises interesting questions.

We thank V. Hubeny for helpful discussions and
E. Lopez for comments on an earlier version of the manu-
script. This research is supported by the Belgian Federal
Science Policy Office, by FWO-Vlaanderen, by the
Foundation of Fundamental Research on Matter (FOM),
by the DOE, by the BMBF, and by the Academy of
Finland.

[1] M. Gyulassy and L. McLerran, Nucl. Phys. A750, 30
(2005); J.W. Harris and B. Miiller, Annu. Rev. Nucl.
Part. Sci. 46, 71 (1996).

[2] R.A.Janik and R. B. Peschanski, Phys. Rev. D 73, 045013
(2006); P.M. Chesler and L.G. Yaffe, Phys. Rev. Lett.
102, 211601 (2009).

[3] S. Bhattacharyya and S. Minwalla, J. High Energy Phys.
09 (2009) 034.

[4] U.H. Danielsson, E. Keski-Vakkuri, and M. Kruczenski,
Nucl. Phys. B563, 279 (1999).

[5] S. Lin and E. Shuryak, Phys. Rev. D 78, 125018
(2008).

[6] A. Kovner and U.A. Wiedemann, Phys. Rev. D 64,
114002 (2001); H. Liu, K. Rajagopal, and U.A.
Wiedemann, J. High Energy Phys. 03 (2007) 066.

[7] P. Calabrese and J. Cardy, J. Phys. A 42, 504005
(2009).

[8] T. Nishioka, S. Ryu, and T. Takayanagi, J. Phys. A 42,
504008 (2009).

[9] V.E. Hubeny, M. Rangamani, and T. Takayanagi, J. High
Energy Phys. 07 (2007) 062; J. Abajo-Arrastia, J. Aparicio,
and E. Lopez, J. High Energy Phys. 11 (2010) 149.

[10] T. Albash and C. V. Johnson, arXiv:1008.3027.

[11] V. Balasubramanian and S.F. Ross, Phys. Rev. D 61,
044007 (2000).

[12] R. Baier, A.H. Mueller, D. Schiff, and D.T. Son, Phys.
Lett. B 502, 51 (2001).

[13] Y. Hatta, E. lancu, and A.H. Mueller, J. High Energy
Phys. 05 (2008) 037; E. Iancu, Acta Phys. Pol. B 39, 3213
(2008).

[14] A.N. Kolmogorov, Dokl. Akad. Nauk SSSR 119, 861
(1958); 124, 754 (1959); Ya.G. Sinai, Dokl. Akad. Nauk
SSSR 124, 768 (1959).

[15] J. Bolte, B. Miiller, and A. Schifer, Phys. Rev. D 61,
054506 (2000); T. Kunihiro er al., Phys. Rev. D 82,
114015 (2010).

[16] V. Latora and M. Baranger, Phys. Rev. Lett. 82, 520
(1999).

191601-4


http://dx.doi.org/10.1016/j.nuclphysa.2004.10.034
http://dx.doi.org/10.1016/j.nuclphysa.2004.10.034
http://dx.doi.org/10.1146/annurev.nucl.46.1.71
http://dx.doi.org/10.1146/annurev.nucl.46.1.71
http://dx.doi.org/10.1103/PhysRevD.73.045013
http://dx.doi.org/10.1103/PhysRevD.73.045013
http://dx.doi.org/10.1103/PhysRevLett.102.211601
http://dx.doi.org/10.1103/PhysRevLett.102.211601
http://dx.doi.org/10.1088/1126-6708/2009/09/034
http://dx.doi.org/10.1088/1126-6708/2009/09/034
http://dx.doi.org/10.1016/S0550-3213(99)00511-8
http://dx.doi.org/10.1103/PhysRevD.78.125018
http://dx.doi.org/10.1103/PhysRevD.78.125018
http://dx.doi.org/10.1103/PhysRevD.64.114002
http://dx.doi.org/10.1103/PhysRevD.64.114002
http://dx.doi.org/10.1088/1126-6708/2007/03/066
http://dx.doi.org/10.1088/1751-8113/42/50/504005
http://dx.doi.org/10.1088/1751-8113/42/50/504005
http://dx.doi.org/10.1088/1751-8113/42/50/504008
http://dx.doi.org/10.1088/1751-8113/42/50/504008
http://dx.doi.org/10.1088/1126-6708/2007/07/062
http://dx.doi.org/10.1088/1126-6708/2007/07/062
http://dx.doi.org/10.1007/JHEP11(2010)149
http://arXiv.org/abs/1008.3027
http://dx.doi.org/10.1103/PhysRevD.61.044007
http://dx.doi.org/10.1103/PhysRevD.61.044007
http://dx.doi.org/10.1016/S0370-2693(01)00191-5
http://dx.doi.org/10.1016/S0370-2693(01)00191-5
http://dx.doi.org/10.1088/1126-6708/2008/05/037
http://dx.doi.org/10.1088/1126-6708/2008/05/037
http://dx.doi.org/10.1103/PhysRevD.61.054506
http://dx.doi.org/10.1103/PhysRevD.61.054506
http://dx.doi.org/10.1103/PhysRevD.82.114015
http://dx.doi.org/10.1103/PhysRevD.82.114015
http://dx.doi.org/10.1103/PhysRevLett.82.520
http://dx.doi.org/10.1103/PhysRevLett.82.520

	Introduction
	Free strings in plane waves
	The light cone gauge
	WKB solution for time-dependent harmonic oscillator

	The singular limit for the center-of-mass motion
	The singular limit for excited string modes
	Bounds on solutions to perturbed differential equations
	The Gronwall inequality
	Bounds on the perturbations delta X

	Solutions away from the singularity
	Solutions in the near-singular region
	Effective matching conditions 

	The singular limit for the entire string
	Discussion
	Divergences for the case of the inverted harmonic oscillator
	Background consistency and the singular limit for the dilaton
	An explicit example
	No-go theorem for Y(eta) without zero crossings
	Piece-wise construction of solution


	jhep082009112.pdf
	Introduction
	D3-branes in AdS(5) x S**5
	Setup
	Coupling of the bulk scalar field to spherical D3-branes
	Propagator of the bulk scalar field
	D3-brane effective potential
	Expanding D3-branes, five-form flux and geometric transition
	Relating D3-brane positions with the bulk scalar field


	M2-branes in AdS(4) x S**7 /mathbb Z (k) 
	Setup
	Coupling of the bulk scalar field to spherical M2-branes
	Propagator of the bulk scalar field
	M2-brane effective potential
	Extension to k > 1

	Brane effective potentials in the Poincaré patch

	JHEP_Craps_Evnin_2011.pdf
	Introduction
	Matrix quantum mechanics
	Matrix string theory
	Adiabaticity
	Conclusions


